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Abstract 

We carry out the construction of some ill-posed multiplicative stochastic heat 
equations on unbounded domains. The two main equations our result covers are, 
on the one hand the parabolic Anderson model on R^, and on the other hand 
the KPZ equation on R via the Cole-Hopf transform. To perform these construc¬ 
tions, we adapt the theory of regularity structures to the setting of weighted Besov 
spaces. One particular feature of our construction is that it allows one to start both 
equations from a Dirac mass at the initial time. 
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1 Introduction 

In the present paper, we consider the following stochastic partial differential equa¬ 
tion: 

dtu = Art + u ■ ^ , m( 0, •) = tto(-) , (E) 

where rt is a function of f > 0, x G R'^, and ^ is an irregular noise process. While 
large parts of our analysis are dimension-independent, a natural subcriticality con¬ 
dition restricts the dimensions in which we can consider the most-interesting case 
of delta-correlated noise. We will henceforth be mainly concerned with two in¬ 
stances of this equation: d = 3 and ^ is a white noise in space only, we refer to this 
case as (PAM); d = 1 and ^ is a space-time white noise, we call this case (SHE). 
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When ^ is a white noise in space, without dependence in time, this equation is 
indeed called the parabolic Anderson model (PAM). In dimension d> 2, the equa¬ 
tion is ill-posed, due to the very singular product u ■ Indeed, u is expected to be 
(2 -|- a)-Hdlder where the regularity of the noise a is strictly lower than —d/2, so 
that the sum of the regularities of u and ^ is strictly negative, and therefore, the prod¬ 
uct u ■ ^ does not fall in the scope of classical integration theories [BCDl 1, You36]. 
To make sense of this product, one actually needs to perform some renormalisation 
which boils down to, roughly speaking, subtracting some infinite linear term from 
the equation. 

When the space variable is restricted to a torus of dimension 2, the solution 
of a generalised version of (PAM) has been constructed independently by Gu- 
binelli, Imkeller and Perkowski [GIP12] using paracontrolled distributions, and by 
Hairer [Hail4b] via the theory of regularity structures. The construction has also 
been carried out on a torus of dimension 3 by Hairer and Pardoux [HP14]. The con¬ 
struction of (PAM) on the full space has been obtained recently [HL15], using 
a simple change of unknown that spares one from requiring elaborate renormalisa¬ 
tion theories. This is not possible anymore in dimension 3: in the present paper, 
we adapt the theory of regularity structures to perform the construction of (PAM) 
on the full space R^. 

When ^ is a space-time white noise, the equation is called the multiplicative 
stochastic heat equation (SHE). Already in dimension d = I, the product u ■ ^ is 
ill-defined. However, in dimension 1, the ltd integral allows one to make sense 
of this equation: as it requires the noise to be a martingale in time and the solu¬ 
tion u to be adapted to the filtration of the noise, this construction breaks down for 
space-time regularisations of the white noise so that it does not allow for conver¬ 
gence of space-time mollified versions of the original equation. When the space 
variable is restricted to a torus of dimension 1, this equation has been constructed 
by Hairer and Pardoux [HP 14] in the framework of regularity structures: they de¬ 
fine the solution map on a space of noises that contains a large class of space-time 
mollifications of the white noise. In the present paper, we lift the restriction of the 
torus and perform the construction on the whole line R. 

This equation is intimately related to the KPZ equation [KPZ86]. Indeed, for¬ 
mally, the Cole-Hopf transform sends the ill-posed KPZ equation to (SHE); Bertini 
and Giacomin [BG97] exploited this fact to prove the convergence of the fluctua¬ 
tions of the weakly asymmetric simple exclusion process to the KPZ equation on R. 
A more direct interpretation of the KPZ equation itself has recently been obtained 
by Hairer [Hail 3], when the space variable is restricted to a torus of dimension 1. 

In addition to the ill-defined product u ■ ^ that needs to be renormalised for both 
(PAM) and (SHE), there are two major issues that we address in this work: first, 
we construct these SPDEs on an unbounded underlying space instead of a torus; 
second, we consider a Dirac mass as the initial condition. 

Eet us first comment on the specific difficulty arising from the unboundedness 
of the underlying space, when constructing the solutions to these SPDEs. Since 
the white noise is not uniformly Holder on an unbounded space, one cannot expect 
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to obtain solutions that are uniformly bounded over the underlying space and one 
needs to weight the Holder spaces of functions/distributions at infinity. This is a 
classical problem when dealing with stochastic PDEs in unbounded domains, see 
for example [Iwa87, AR91], as well as the recent work [MW15] which is somewhat 
closer in spirit to the equations considered here. A priori, these weights cause some 
trouble in obtaining a fixed point for the map u i-r- P * (u • 0 + P * ^to^ where P 
is the heat kernel. Indeed, since the weight needed for the product u • ^ is a priori 
larger than the weight of u itself, the map would take values in a space bigger than 
the one u lives in and the fixed poinf argumenf would nof apply. 

There is a way of circumventing fhis problem by considering a fime-increasing 
weighf and by using fhe averaging in time of fhe weighf due fo fhe time convo¬ 
lution wifh fhe heaf kernel. More precisely, fhe whife noise can be weighfed by 
a polynomial weighf Pa(x) = (1 + |x|)“ wifh a as small as desired, so fhaf, if we 
weighf fhe solution by et(x) = fhen Pt-s*i^-Us)ds can be weighfed by 

/o Pa{x)Cs{x)ds which is smaller fhan et(x). We refer fo [HL15] for a consfrucfion 
of (PAM) on R2 using fhis idea, and fo [HPP13] where fhis frick already appeared. 
The main difficulfy is fherefore fo incorporafe fhe frick ouflined above info fhe fhe- 
ory of regularify strucfures, and fhis will require fo have an accurafe confrol on 
fhe weighfs arising along fhe consfrucfion. In parficular, a major issue comes from 
fhe facl fhaf etix)/&s{y) is nof bounded from above and below, uniformly over all 
(t, x), (s, y) lying af disfance, say, 1 from each ofher. 

Regarding fhe initial condition, lef us poinf ouf fhaf fhe Picard iferafions asso- 
ciafed fo (E) involve producfs of fhe form (P * uq) • By fhe classical infegrafion 
fheories [BCDll, You36], fhis producf makes sense as soon as fhe regularify of 
P * Mo is sfricfly larger fhan —a, where a is fhe regularify of fhe noise. P * mq is 
smoofh away from f = 0, buf ifs space-time regularify near t = 0 coincides wifh 
fhe space regularify of mq. Since fhe time regularify counfs fwice in fhe parabolic 
scaling, if is possible fo make sense of (P * mq) • C ^s long as mq has a regularify 
beffer fhan —2 — a, using integrable weighfs around fime 0. The Holder regularify 
of fhe Dirac mass being equal fo —d, fhis would prevenf us from choosing mq = 5o 
for bofh (PAM) and (SHE). 

One way of circumventing fhis problem is fo exploif fhe facf fhaf on fhe ofher 
hand fhe Dirac disfribufion is “almost” an function. In particular, it belongs to 
the Besov spaces Bp^oo as soon as /3 < —d + d/p. Since the classical integration 
theories allow one to multiply by Bp^oo as soon as a -|- /3 > 0, the threshold on 
the regularity of the initial condition would not be modified upon fhis change of dis- 
fribufions spaces. Choosing p small enough, one would fhen be able fo fake a Dirac 
mass as fhe initial condifion. We now presenf fhe main sfeps of fhe consfrucfion of 
fhe solution fo (E). 

Eirsf, we define a regularity structure, which is an absfracf framework fhaf al¬ 
lows one fo associafe fo a funcfion/disfribufion some generalised Taylor expansion 
around any space/fime poinf. The building blocks of fhis regularify sfrucfure are, on 
fhe one hand, polynomials in fhe space/fime indeferminafes, and on fhe ofher hand. 
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some abstract symbols H, X(H), ..associated with the noise. Then, one needs to 
reformulate the solution map that corresponds to (E) into the abstract framework 
of the regularity structure. Namely, one has to provide abstract formulations of the 
multiplication with the noise ^ and the convolution with the heat kernel P. 

Second, we build a so-called model which associates to the abstract symbols 
some analytical values. Actually, we start with a mollified version of the noise 
ie = Qe*i, where x) = g{te~^, xe~^) is a smooth, compactly supported 

function which is such that Q{t,x) = g{t,—x), and we build a model (11'^, 
which, in particular, associates to the symbol H the smooth function One im¬ 
portant feature is that the abstract solution given by the solution map, with this 
particular model, coincides (upon an operation called reconstruction) with the clas¬ 
sical solution of the well-posed SPDE 

dtUe = AUe + Ue-Ce, ') = rioCO • (Ee) 

Third, we renormalise the model (Tl'^, F^) by modifying the values associated to 
some symbols: namely, those symbols that stand for ill-defined producfs. Roughly 
speaking, fhe modification of fhese values consisfs in subsfracfing some divergenf 
consfanf C^. The effecl of fhis renormalisafion procedure is acfually very clear af 
the level of the SPDE, since the abstract solution then corresponds to 

dtile = Aue + Ue ' (?e “ C^) , •) = no(-) . (EJ 

The final step consists in proving that the sequence of renormalised models 
converges as e 4 , 0 in a sense that will be made clear later on. The continuity of 
the solution map then ensures that the sequence of abstract solutions converge, and 
furthermore, the limit is the fixed point of an abstract fixed point equation. This 
yields the convergence of the sequence of renormalised solutions to a limit u. 

Eet us now outline some major modifications that we bring to the original the¬ 
ory of regularity structures [Hail4b]. Eirst, since we want to start (E) from a Dirac 
mass, we need to choose an appropriate space of distributions. As explained ear¬ 
lier in the introduction, we are led to using (some variants of) the Bp^^o spaces. 
Therefore, we present a new version of the reconstruction operator in this setting, 
we refer to Definition 2.5 and Theorem 2.11. Second, our spaces of modelled dis¬ 
tributions are weighted at infinity; therefore, the reconstruction theorem and the 
abstract convolution with the heat kernel need to be modified in consequence, we 
refer to Theorems 3.10 and 4.3. One major difficulty we run into is that one would 
like to consider the same kind of weights as in [HPP13, HE 15], which are of the 
type w{t, x) = exp(t(l -|- |x|)). Unfortunately, such weights do not satisfy the very 
desirable property c < \w{z)/w{z')\ < C for some constants c, C > 0, uniformly 
over space-time points z, z' with \z — z'\ < 1, although they do satisfy this prop¬ 
erty for pairs of points that are only separated in space. As a consequence, we need 
extremely fine control on the behaviour of our objects as a function of time, see 
for example the bound (2.9) and the illustration of Eigure 2. Note that in the case 
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of (PAM), where the noise varies only in space, we could have defined our regu¬ 
larity structure on space only and viewed the solution as a function of time with 
values in a space of modelled distributions, thus substantially shortening some of 
the arguments. 

The main result of the present work is as follows. 

Theorem 1.1 We consider either (PAM) or (SHE). Let uq G with rj > 

— 1/2, p G [1, oo) and wo{x) = some £ G R. There exists a divergent 

sequence of constants such that, on any interval of time (0,T], the sequence of 
solutions Ue of (E^) converges locally uniformly to a limit u, in probability. 

Eurthermore, the limit depends continuously on the initial condition uq and, 
provided that is chosen accordingly, it is independent of the choice ofmollifier 
Q. In the case of (SHE), the limit can be chosen to coincide with the classical 
solution to the multiplicative stochastic heat equation [Wal86, DPZ92 ]. 

Remark 1.2 We refer to Definition 3.8 for the precise space of distributions in 
which the convergence holds. Moreover, the space C2)’/’(R'^) is defined in Subsec¬ 
tion 4.3. We would like to point out however that for p sufficiently close to 1 and rj 
negative one has Jq G so that we do in particular recover convergence to the 
“infinite wedge” solution to the KPZ equation. 

Remark 1.3 The exponent — ^ obtained in this result is sharp. Indeed, since the 
equation is linear in the initial condition, it is sufficient to be able to take uq = 6y, 
which is allowed in our setting. Denoting the corresponding solution by Kfx, y), 
general solutions are given by u{t,x) = f Ktix,y)uo{y) dy. Furthermore, in the 
case of (PAM), it is straightforward to see by an approximation argument that Kt 
is symmetric in both of its arguments. (In the case of (SHE) it is only symmetric 
in law.) At this stage we then note that in both cases we expect Kt to inherit 
the regularity of the linearised problem, namely to be of Holder regularity for 
a < ^ in both of its arguments, but no better. (In the case of (SHE) this is of course 
a well-known fact.) Such functions cannot be tested against a generic distribution 
inC^’i if 77 < - 1 / 2 . 

Remark 1.4 In the case of (PAM), denote by Kt the integral operator on L^(R^) 
with kernel (x, y) 1 —>• Kfx, y). Then Kt is in general an unbounded selfadjoint 
operator (with a domain depending on the realisation of the underlying noise!). 
Furthermore, Kt is positive definite since its kernel is obtained as a pointwise limit 
of positive kernels. Finally, for any fixed t > D, Kt does not admit any p G L 2 
with Ktp = 0. Indeed, since the operators Kt satisfy KtKg = Kt+s, one would 
have KtjnP = 0 for every n > 0, which would contradict the fact that Ktp 
converges to p weakly as t —)• 0. As a consequence, we can define an operator 
L = j log Kt by functional calculus. This operator is naturally interpreted as a 
suitably renormalised version of the random Schrodinger operator 


Lg = -A + e , 


6 


Introduction 


on R^. See [AC15] for more details on a similar construction in dimension 2 (and 
bounded domain). 


In both cases, the renormalisation constant Cg = is given by 


Ce '■= j G{x)Q*‘^(z)dz , 

„ 3 

c<^d) / G(zi)G(z 2 )G(z 3 )gf(zi + Z 2 )Qf{z 2 + Z 3 ) dzi , (1.1) 

2 = 1 

r ^ 

c<^’2) _ / Gizi)Giz2)(Giz3)Qfiz3) - c,(5o(z3)) + Z2 + Z3) dzi . 

i=l 

In the case of (PAM), G is a compactly supported function that coincides with 
the Green’s function of the 3 dimensional Laplacian in a neighbourhood of the 
origin, and the integration variables lie in R^. In the case of (SHE), G is taken 
to be the heat kernel in dimension 1, and the integration variables take values in 
R2. (With the usual convention that the heat kernel takes the value 0 for negative 
times.) In both cases, = ce~^ with a proportionality constant c that depends 
on g and on the equation under consideration. The other two constants behave 
differently according to the equation: for (PAM), ^ log e + 0(1) and 

= 0(1); while for (SHE) both and have finite limits as e —>• 0 as 
shown in [HP14]. 

Eet us point out that we do not provide the details on the convergence of the 
models. Instead, we refer the reader to [HP14] where the convergence of the mol¬ 
lified model associafed wifh (SHE) on fhe one-dimensional forus has been proven. 
Since fhe models are “local” objecfs, fhe renormalisafion is nol affected upon pass¬ 
ing fo fhe whole line. Regarding (PAM), fhe algebraic and scaling properfies of fhe 
equafion coincide with those of (SHE) so that the proof works verbatim: only the 
actual values of the renormalisation constants differ. 

The remainder of the article is structured as follows. We start by giving a short 
introduction to the theory of regularity structures, as used in our particular exam¬ 
ple, in Section 2.1. The reader unfamiliar with the theory may find [Hail4b] or 
fhe shorfer infroducfions [Hail5, Hail4a] useful. In all existing works, the spaces 
of “modelled distributions” on which the theory is built are based on the standard 
Holder spaces. In Section 2.2, we introduce new spaces of modelled distributions 
that are instead based on a class of inhomogeneous Besov spaces and we prove 
the reconstruction theorem in this context. In Section 3, we then leverage the lo¬ 
cal results of Section 2.2 to build suitable weighted spaces. Section 4 contains a 
Schauder estimate for these spaces, which is the main ingredient for building local 
solutions to the limiting problem. Einally, we combine all of these ingredients in 
Section 5, where we give the proof of Theorem 1.1. 
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1.1 Notations 

From now on, we work in where d is the dimension of space and 1 the 

dimension of time. We choose the parabolic scaling s = (2,1,..., 1), where 5o = 
2 stands for the time scaling and Sj = 1, i = 1... d for the scaling of each direction 
of space. We let |s| = Yli=o^i- denote by || 2 ;||s = max(-y|f[, |xi|,..., |xd|) 
the s-scaled supremum norm of a vector z = (t, x) € We will also use the 

notation \k\ = element k G To keep notation clear, we 

restrict the letters s, f to denoting elements in R, x,y to denoting elements in R*^, 
while the letters k,m,£ will stand for elements of N or Moreover, in some 

cases we will use the letter z to denote an element in R'^"''^. 

For any smooth function / : R'^+^ —)• R and any k G we let D^f be the 

function obtained from / by differentiating ko times in direction t and ki times in 
each direction i G {1,... , d}. For any r > 0, we let be the space of functions 
/ on such that D^f is continuous for all k G such that |/i;| < r. We 
denote by the subset of whose elements are supported in the unit parabolic 
ball and have their C^-norm smaller than 1. For all rj G , all (f, x) G R'^"'"^ and 
all A > 0, we set 


dix^s,y)-.= \ I®!?/ 


s-t yi-xi 
A2 ’ A 


V(s,y)GR''+^ 


This rescaling preserves the L^-norm. 

Finally, for all 2 ; G R'^"''^ and all A > 0, we let B{z, A) C R'^"''^ be the ball of 
radius A centred at z; here we implicitly work with the s-scaled supremum norm 
IMIs- For x G R'^, we use the same notation B{x, A) to denote the ball in R^ of 
radius A and center x. 


Acknowledgements 

We are grateful to Khalil Chouk for pointing out that the regularity index for the 
Dirac mass is higher in Besov / Sobolev type spaces than in Holder type spaces. 
MH gratefully acknowledges financial support from the Philip Leverhulme Trust 
and from the ERC. 


2 Regularity structures and Besov-type spaces 

In the first subsection, we recall the basic definitions of regularity structures and 
models - this material is essentially taken from [Hail4b]. In the second subsection, 
we adapt the definition of the spaces of modelled distributions from [Hail4b] to the 
setting of Besov spaces. Then, we prove the corresponding reconstruction theorem. 
In the third subsection, we introduce the weighted spaces of modelled distributions 
by adding weights around f = 0 and x = 00 in the spaces previously introduced. 

2.1 Regularity structures and models 

A regularity structure consists of two objects. First, a graded vector space T = 
®CeA ^ where A, called the set of homogeneities, is a subset of R which is 
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locally finite and bounded from below. Second, a group Q of continuous linear 
transformations of T whose elements T G Q fulfil the following property 

rr-rGT</3, yrGTp, VpeA, 

where we wrote 7^^ as a shorthand for 0^^^ 7^. A simple example of regularity 
structure is given by the polynomials in d+l indeterminates Xq, ..., X^. For every 
C G N, let Tq be the set of all formal polynomials in Xi, i = 0 ... d with s-scaled 
degree equal to C- Let us recall that the s-scaled degree of X^ = 
any given k G is equal to |A:| = The set of homogeneities in this 

example is ,4. = N, while a natural structure group is the group of translations on 

Rd+1_ 

In the case of (E), the regularity structure, together with a set of canonical basis 
vectors for T, can be constructed as follows. We set a = — | — k for a given k > 0 
and we let 7^ be a one-dimensional real vector space with basis vector E. Then we 
define two collections U and X of formal expressions by setting 1, X^ G U for all 
k G and by imposing that they are the smallest sets satisfying the following 
two rules 


T tH G 7^ , T ^ T =► X(r) G U . 

(The product (H, r) i—)• tH is taken to be commutative so we will also write Hr 
instead.) Writing (7/) for the free real vector space generated by a set 7/, we then 
set T(7/) = (7/), TiX) = {X) and T = (7/ U 7^). Moreover, we write T C T{U) 
for the set of all polynomials in the 77j, t = 0 ,..., d. 

The homogeneity |r| of an element r G 7/ U 7^ is computed by setting |H| = a 
, |1| = 0, |7fj| = 1 and by imposing the following rules 

|rf I = |r| + |r| , \A{t)\ = |r| -|- 2 . 

The corresponding sets of homogeneities are denoted A{X) and A = 7l(7/)U 
A{X). This also yields a natural decomposition of Tby 7^ = ({r : |t| = a}). It 
was shown in [HaiI4b, Sec. 8] that there is a natural group Q acting on T in a way 
that is compatible with the definition of an “admissible model”, see Definition 2.2 
below. The precise definition of Q does not matter for the purpose of the present 
article, so we refer the interested reader to [Hail4b, Sec. 8.1] and [HP14, Sec. 3.2]. 

The regularity structure T(7/) is the abstract framework to which the solution 
u of (E) will be lifted. T{X), which is simply obtained by multiplying all the 
elements in T(7f) by H, will therefore allow us to lift u ■ It turns out that it 
will suffice to restrict T(7f) to those homogeneities lower than a certain threshold 
7 > 0, to be fixed later on. Similarly, we will restrict T {X) to those homogeneities 
lower than 7 -I- a > 0. We will write and X^-y+aiJ^) to denote these 

two subspaces, eventually we will omit these subscripts since the restriction will 
be clear from the context. Einally, we let : T —)• 7^ denote the canonical 
projection on X( and we denote by |a|<;^ the norm of Q^a. 
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u 

A{U) 

F 

A{F) 

1 

0 

— 

-K 

XTE) 

\-K 

SX(H) 

-1 - 2k 

X(SX(S)) 

1 - 2k 

SX(HX(S)) 

-3k 

X, 

1 


-i -K 

X(SX(SX(S))) |-3k 

SX(SX(SX(S))) 

-4k 


1 -K 

HX(HX,) 

—2k 


Figure 1: The eanonical basis vectors for the regularity structure for (E) with 7 G 
(3/2, 2 — 4k). Notice that here i ranges in {1,, d}, while Xq has homogeneity 
2 and therefore does not appear. 

Let us consider the heat kernel in dimension d: 

1 ^ 

P{t,x) := -je 4t , X G R“, t > 0 . 

(47rf)2 

We will need the following decomposition of P into a series of smooth functions, 
which was already used in [Hail4b, Lem. 5.5]. Actually, there is a slight difference 
here since we consider the s-scaled supremum norm in instead of the s-scaled 
Euclidean norm, but this makes no difference. 

Lemma 2.1 Fix r > 0. There exist a collection of smooth functions P_, Pn,n > 0 
on R+ X R'^, such that the following properties hold: 

1. For every z G R'^+^{0}, P{z) = Zn>o Pn{z) + P-{z), 

2. The function Pq is supported in the unit ball, and for every n > 0, we have 

Pnit, x) = 2"x), f G R+ , X G R"*, 

3. For every n > 0, we have f Pn(z)z^dz = Ofor all k G such that 

\k\ < r. 

As a consequence, for every k G there exists (7 > 0 such that 

\D^Pn{z)\<C2^^‘^+\^\\ ( 2 . 1 ) 

uniformly over all n > 0 and all z G 

We will use the notation Pn- 

Erom now on, we deal with 7<7 for a given 7 that will be fixed later on. To 
simplify notation, we will omit the subscript 7 . We now associate to our regularity 
structure (T, G) some analytical features. To that end, recalling the definition of 
the sets of test functions in Section 1.1, we introduce a set of admissible models 
M. 
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Definition 2.2 An admissible model is a pair (IT, F) that satisfies the following 
assumptions: 

1. The map If: z i-A 11^ goes from into the space -L(T, of lin¬ 
ear transformations from T into distributions on space-time such 

that 


||n||^ := sup sup sup sup < 1 , (2.2) 

r7eB’' Ae(0,i] CeArsTf U I 

locally uniformly over z G for some fixed r > |q;|. We fhen define 

||n||^ as fhe supremum of ||n||^ over all z £ B, where i? is a given subsef 
of R'^+^ 


2. The map F: (z, z') i->- Vz^z' goes from R“+^ x info Q. If is such fhaf 


:= sup sup 


'An 


|r| ll^ — z'lls ^ 


< 1 , 


(2.3) 


locally uniformly over z,z' £ such fhaf Hz—z'Hs < 1. We lef ||F||^ 

sup^^^/g^ for any B C R'^+^. 

3. For every z,z' £ R'^+^ 


Fi,F,,/ = n. 


(2.4) 


4. For every k £ we have fhe idenfifies 

iUzXAiz') = iz' - zf , (2.5) 

(n,Xr)(z') = (n,r,P+(z' - •)) - ^ (n,r,P"P+(z - •)) . 

|fc|<|Xr| 


Remark 2.3 If is nof clear a priori fhaf fhe lasf poinf in fhis definition makes sense, 
since is nof a smoofh fesf function. One should inferpref expressions of fhe 
fype (|U,P+) for a disfribufion /r as a shorfhand for X]n>o(F)^n) (and similarly 
for expressions involving D^P^). The bound (2.2) fhen guaranfees fhaf fhese sums 
converge absolufely. 

The mere exisfence of non-frivial admissible models is nof obvious. However, 
if furns ouf fhaf every smoofh function can be tiffed in a canonical way fo an 
admissible model (H^^^, F^^^) by selling 

(n^^)H)(z') = uA) , (n^"Vr)(z') = (n(^V)(z')(n(^^r)(z'), 

and fhen imposing (2.5). Observe fhaf all fhe producfs appearing in fhis definition 
are well-defined since is a funclion. If was shown in [Hail4b, Prop 8.27] fhaf 
fhis is indeed an admissible model and we will henceforlh refer lo fhis model as 
fhe “canonical model” associaled lo 
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Notation 2.4 From now on, instead of writing T we will simply write F* 
Similarly, we will write Ff ^ instead of r(t^a;)^(s,x)- 

2.2 The reconstruction theorem in a Besov-type space 

In order to build solution to our SPDEs, we need to introduce appropriate spaces 
of distributions. For the moment, we consider un-weighted spaces for the sake of 
clarity, but we will consider weighted versions later on. 

Definition 2.5 Let a < 0 and p G [1, oo]. We let be the space of distributions 
/ on such that 


sup sup 

Ae(0,i] leR 


sup 



< OO . 

LP{K'^,dx) 


Observe that actually coincides with the Holder space In or¬ 

der to deal with random distributions, it is more convenient to have a countable 
characterisation of the spaces To that end, we rely on a wavelet analysis 

that we briefly summarise below; we refer to the works of Meyer [Mey92] and 
Daubechies [Dau88] for more details on wavelet analysis. 


Wavelet analysis. For every r > 0, there exists a compactly supported function 
ip G C^(R) such that: 

1. We have (p(-), <f(- — k)) = Sk,o for every /c G Z, 

2. There exist dk,k £ Z with only finitely many non-zero values, and such that 

~ k) for every x G R, 

3. For every polynomial P of degree at most r and for every x £ R, 

^ f P{y)ipiy - k)dy <p(x - k) = P(x) . 
fcez 

Given such a function ip, we define for every (t, x) G R*^^^ the recentered and 
rescaled function ipf^^ as follows 


d 

ipl^is, y) = 2 X 22 -(, - t)) n p(2-(yi - x,)) . 

i=\ 

Observe that this rescaling preserves the L^-norm. We let 14 be the subspace of 
^ 2 (Rd+i) generated by : (f, x) G A„} where 


K := {(2-^"ko, 2-^ki,2-^kd) :h£Z}. 
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Using the second property above, we deduce that 

, (i, x)n,k = (i, X) -h , (2.6) 

k 

where only finitely many of the a^’s are non-zero, and for every k € 

k2-^^+^'> = (A:o2"2(«+^\ ki2-^^+'^\ ..., kd2-^"'+^'>) . 

Using the third property above, we deduce that for every n > 0, 14 contains all 
polynomials of scaled degree less or equal to r. 

Another important property of wavelets is the existence of a finite set 'h of com¬ 
pactly supported functions in such that, for every n > 0, the orthogonal comple¬ 
ment of 14 inside 14 +i is given by the linear span of all the 'ip'^,x G A^,, ip £ 
Necessarily, by the third property above, each of the functions ip £ annihilates 
all polynomials of s-scaled degree less than or equal to r. Finally, for every n > 0 

Wt,x ■ x) £ An} U {tp^^ :m>n,'ip£'i),it,x)£ Am} , 

forms an orthonormal basis of 

This wavelet analysis allows one to identify a countable collection of conditions 
that determine the regularity of a distribution. 


Proposition 2.6 Let a < 0, p £ [l,oo] and r > |a|. Let P^be a distribution on 
Rd-i-i ^ g ^oL,p Qfiiy if ^ belongs to the dual ofC^ and the bounds 


sup sup 

neNte2-2'iZ 


E 2 

x:(t,x)£A 


—nd 




nisi 

2 — 2-"-^ 


p\ p 


< 1 . 


sup 

tez 


x:{x,t)£A.o 


< 1 . 


(2.7) 


hold uniformly over all ip £'^. 

Remark 2.7 More generally, if ^ is a linear form defined on fhe linear span of all 
the and all the tpt,x such that the bounds of Proposition 2.6 are fulfilled, fhen 
p can be extended uniquely fo an elemenf of 

Remark 2.8 As an immediafe consequence of Ibis resulf, we have a continuous 
embedding of info for every p £ [1, oo). 

Proof. The case p = oo is covered by Proposition 3.20 in [Hail4b]. Lef us adapf 
fhe proof for fhe case p £ [l,oo). If ^ G fhen if is immediafe fo see fhaf 
fhe bounds (2.7) are safisfied, using fhe simple facl fhaf for any (s, y) lying in fhe 
parabolic hypercube of sidelengfh 2“"^ cenfred around (f, x) £ An, the function 
is of the form rj^y with A = 2“”, up to a constant multiplicative factor of the 
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_ n|5| 

order 2“ 2 . This allows in particular to turn the norm in space into an P’ norm 
at the expense of the corresponding volume factor. 

Let us now prove the more difficult converse implication. For A G (0,1], let 
no > 0 be the largest integer such that > A. For any test function tj G we 
have 


(«.iA) = EE E iA>+ E • 

i/jS'T n>0 (s,j/)eA„ (s,j/)eAo 

We need to show that the right hand side fulfils the required bound. We argue 
differently according to the relative values of n and no. 

If n > no, we use the fact that il> kills polynomials of degree r to get the bound 

sup , 


uniformly over all the parameters. Observe that the left hand side actually vanishes 
as soon as ||(f — s,x — y)\\s > for some positive constant C that only 

depends on the size of the support of 'll;. For a given (t, x) G there are at 

most 220 -»^o) such s’s in and such y’s in 2-’"Z'^. Consequently, 

using Jensen’s inequality at the third line we obtain 


E 

(s,y)eA„ 


sup 




n 



A“ 


LP(dx) 


sup 

|t-s|<C2-2"0 


E 

y-is,y)eA„ 

|a;-v|<C2-’"0 


l(^; '4^s,y} \ ^_(y^_) 2 Q)(r-+d)+niji 

A“ 


LP(dx) 


^ sup 

se2-2"Z 


E 

y:(s,y)&A„ 


■\—nd 




n \ 

s,yl 


nisi 

- ir^—na 


P 2—{'n—'n.o)(r+a) 


uniformly over all f G R and all n > no. Therefore, since r was chosen sufficiently 
large so that r + a > 0, the sum over n > uq converges. 

On the other hand, for n < no, we have the bound 

sup |(«,,,pA>I < 2’-'? , 


uniformly over all the parameters. Moreover, the left hand side vanishes as soon 
as ||(f — s,x — y)\\s > C2~'^. Consequently, only a finite number of (s, y) G A„ 
yield a non-zero contribution, uniformly over all {t, x) G and all n < no. An 
elementary computation using Jensen’s inequality gives the bound 


E 

(«,j/)eA„ 


sup 

y&B^ 




s,y 


via 


A° 


LP(dx) 
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< 

rs_/ 


sup 

se2-2"Z 


I' 2-nd 

y\{s,y)ehn 




1^ 


uniformly over all n < no and all f € R. The sum over all n < no of the last 
expression is therefore uniformly bounded in no and t. Finally, the contribution of 
the is treated similarly as the case n < no- □ 


Given a regularity structure (T, Q) and a model (If, F), we now define a space of 
modelled distributions which mimics the space 


Definition 2.9 Let 7 > 0 and p G [1, 00 ). The space consists of those maps 
/ : ^ T<y such that 




LP{R‘^,dx) 


+ 


I 


yeB{x,X) 


A7-C y 


+ 


- A2,x)|^ 


A7-C 


LP(R'^,dx) 

< 00 , 


LP(R‘^,dx) 


uniformly over all t G R, all G Al and all A G (0, 2]. We denote by ||/|| 7 ,p the 
corresponding norm. 

For all B C R'^^^ of the form [s, t] x B{xo, L), we will use the notation ||/||b to 
denote the supremum of the terms appearing in the P7:P.iiorm of /, but with the 
additional constraint that the time indices are restricted to [s,t] and the LP(R'^)- 
norms are replaced by the L^-norm on the ball B{xo, L). 


Remark 2.10 Our spaces P 7 >p are the LP counterparts of the space = P 7 
from [Hail4b, Def. 3.1]. Notice also that, just as in the definition of E'^’P, we treat 
space and time translations separately: this will be useful in the weighted setting 
later on. 


The definition of the space P 7 .p depends implicitly on the underlying model 
through r. In order to compare two elements / G P7>p and / G P7>p associated to 
two models (If, T) and (H, f), we introduce ||/; /||'y,p as the supremum of 


+ 

+ 


- f{t,x)\(^ 


LP{dx) 


lyeB(x,X) 


l/(f, y) - fit, y) - /(f, x) + r* /(f, x)|^ 

-^—T- - -A ay 

A7-C ^ 


\fit, x) - fit, x) - T^x^fit - A^, x) + T^x^fit - A^, x)|^ 


A7-C 


LP(dx) 


LP(dx) 


over all f G R, all C G Al and all A G (0, 2]. 
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The following result shows that these modelled distributions can actually be 
reconstructed into genuine distributions. This is a modification of Theorem 5.12 
in [Hail4b]. For any function <7 : R and any xq G R*^, we use the notation 




Theorem 2.11 (Reconstruction) Let (T, Q,A) be a regularity structure. Let 7 > 
0, p G [1,(X)), a := min.4 < 0, r > |q;| and (If, T) be a model. There exists a 
unique continuous linear map TZ : V^’P —)• £°‘’P such that 


sup I (7^/ - x), r]l^) I 






(2.8) 


uniformly over all A G (0,1], all {t, xq) G all f G 'D'^’P and all admissible 

models (If, T). Here the proportionality constant can be given by 


Q.xo,A(n,/)= 


2-"<A 


2 ” \ 7 A(r+a) 

“ ) ^ 


n||B" (1 + 

" A,t,a;Q ' 


I S' 


X,t,XQ 


B 


X,t,XQ ’ 


(2.9) 


with = [1 - 2A^, f + A^ - 2“^"'] x B(xo, 3). 

If (Ft, T) is a second model for T and if TZ is its associated reconstruction 
operator, then one has the bound 


sup I (7^/ -TZf - X) + Tit^xfi.t, x), 




( 2 . 10 ) 


uniformly over all A G (0,1], all f G 'D'^’P, all f G 'D'^’P, all (t, xq) G R*^^^ and all 
admissible models (If, T), (If, T). Here, the proportionality constant is obtained 
from (2.9) by replacing WHWe-^ ^ (1 + ||r||sn )||/||b", by 

||n||Bn(l + ||r||Bn)||/; /llgn ^ 

+ (l|n — n||Bn(i-i- ||r||Bn) + ||n||Bn||r — fils'!)||/|| b" , 

with = B^ ^ as defined above. 

To prove this theorem, we adapt the arguments from [Hail4b, Th 3.10]. In particu¬ 
lar, we obtain TZf as the limit of a sequence TZnf G 14, where I 4 is the subspace 
of L^(R'^'''^) defined by our wavelef analysis. Lef us commenf on fhe fechnical 
bound (2.9). Ifs purpose is fo provide a precise confrol on fhe fime-locafions of 
fhese values /(s, y) needed fo define {TZf, Ptx)- •^he original proof of fhe recon- 
sfrucfion fheorem [Hail4b, Th 3.10], fhese poinfs were faken in a domain slighfly 
larger fhan fhe support of fhe fesf function In fhe selling wilh weighls, Ihis 
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Figure 2: Reconstruction theorem. On the left, the original approach and on the 
right, the approach presented in our proof. The shaded region depicts the support of 
a test function the dashed box is the domain of the evaluations of the modelled 
distribution / required to define {TZnf, Vt,x)- 


would only allow us to weigh {TZf, by a weight taken at a time slightly larger 
than the maximal time of the support of the test function. In our present approach, 
the values f{s, y) used for the term coming from {TZnf, Vt,x) "'ll! always be such 
that s < t + In the setting with weights, this will allow us to weigh 

{TZf, rjtx) by ^ weight taken at time t + A^. We refer to Figure 2 for an illustration. 

The core of the proof rests on the following result. Recall the wavelet anal¬ 
ysis introduced above. Let /„ = ^2^ x)eAn ^t,x^t,x be a sequence of elements 
in Vn and define = {fn+i — fn, T^fx)- The following criterion for the con¬ 

vergence of the sequence /„ is an adaptation of Theorem 3.23 in [Hail4b], which 
in turn can be viewed as a multidimensional generalisation of Gubinelli’s sewing 
lemma [Gub04]. 


Proposition 2.12 Let a < 0. Assume that there exists a constant ||^|| such that 

AV 


sup sup 

n>0te2-2"Z 


sup sup 

ri.>0te2-2"Z 


x:(t,x)£A„ 

Y 2"”'^ 

x:{t,x)GAn 


H,x 


2^—n^—na 


P \ P 


< 


|s| 


p \ p 


( 2 . 12 ) 


< 


Then, the sequence fn converges in for every a < a to a limit f G f “’P. 
Moreover, the bounds 


-/n||a,P< , ||iP„/-/„|U,p<||Al||2-^ (2.13) 


hold for a G (a — 7 , a). 

Here, T’n denotes the orthogonal projection from L^(R'^^^) onto Vn- We also write 
V2~ for the orthogonal complement of Vn in Vn+i- From the wavelet analysis, we 
know that this is obtained as the linear span of all the with {t,x) G An and 
G 'F. 
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Proof. Let us write fn+i - fn = On + ^fn, where gn G K and 6fn G V^. We 
bound separately the eontributions of these two terms. By Proposition 2.6, the 
norm is equivalent to the supremum over n > 0 of the norms of the 
projeetions onto yj- and onto Vq- Therefore, the sequenee converges in 

£°‘’P as M —)■ oo to an element in £°^’P preeisely if 


lim \\5fn\\a,p = 0, sup ||(5/n|U,p < oo . 

n—)-oo 72—)-oo 

We have 

0,v)eA„+i 


(2.14) 


Observe that ^ 1 uniformly over all n > 0, and that the inner 

produet vanishes as soon as \\{t — s,x — y)||s < C2~'^ for some eonstant C > 0 
depending on the sizes of the support of ip and i/). Henee, for a given the 

number of {s,y) G A^+i with a non-zero eontribution is uniformly bounded in 
n > 0. Therefore, we have 


mnh„ 


t'P 

sup 


te2-2"Z 

< 

('N_/ 

sup 


te2-2"Z 


x:{t,x)£An 


E 

C,v)eA„+i 


E E E 

^g2-2("+l)Z ^x:{t,x)eA„ y:{s,y)eAn+i 

|t-s|<C22-2" \x-y\<C2-" 


\Aty^ 


P\ P 


1—nd 




s,y 


2—n^—n/3 


< 


sup 

^g2-2(n+l)z 


^-n(a-l3) 


y:(s,y)eA„+i 


A^ \P\p 


—nhr—na 




1^ 

p 


so that (2.14) follows from (2.12). Moreover, this yields the bound 


EVn 


Q:,p 




Let us now prove that the series of the is also summable in £'^’P. We have 


M 




M 

< 


where Qn denotes the projeetion onto and Vq the projeetion onto Vq. Sinee 
9n G Vn, we have 


E i9n,Ply)ply= E ' 

(s,y)eAn {s,y)eAn 


9n — 
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Whenever N > n, QnQn vanishes. On the other hand, we have ^ 

2 -{n-N)K^ uniformly over all N < n, and this inner product actually vanishes as 
soon as \\{t — s,x — y)\\s > C2~^. Consequently, using the triangle inequality on 
the sum over s and Jensen’s inequality on the sum over y to pass from the third to 
the fourth line, we have 


IIQvS'n IIojP 

^ sup 

te2-2Jvz 


^ sup 

te 2 - 2 ^z 


E 2-™( E 

x-.(t,x)eAN {s,y)eAn 




s,yi 'rt,xl 


2-N^--Na 



E 2 

x:(t,x)&Aff 


-Nd 


E 


j-(n-A)|B| _ 


Im: 


n I 

s,y\ 


(s,y)&An 
\\(t-s,x-y)\\s<C2-’^ 


2—'n,'-^—Na 



< 


sup 

te2-2Jvz 


E 

se 2 - 2 "z 

|t-s|<C 22 - 2 ^ 


2 ” 2 (n—A^) 


E E 2 

a::(t,x)eAjv y.{s,y)eA„ 
\x-y\<C2-^ 


—nd 


dA 


s,y 


—n^—Na 


^ sup 

se 2 - 2 "Z 


E 

y.{s,y)&An 


'\—nd 




s,y 


2—'n^—n'y 


' 2—xi'y 


p 


uniformly over all n > > 0. The calculation for Vogn is very similar. Con¬ 

sequently, II Yl'^=m Sn.\\a,p ^ ||A|| 2 “™’'^ and the asserted convergence is proved. 
Moreover, the bounds (2.13) follow immediately by keeping track of constants. 

□ 


We now proceed to the proof of the reconstruction theorem. Even though the gen¬ 
eral method of proof is quite similar to that of Theorem 3.10 in [Hail4b], a specific 
work is needed here in order to get the refined bound ( 2 . 8 ). 

Proof of Theorem 2.11. Sef 


M = diam supp 99 V {diam supp r/; € T'} V {|A:| : 7 ^ 0} . 

Lef us infroduce fhe following nofafion: for all t G R, we lef ■.= !- C' 2 - 2 « 
where C = 7M^ -|-1. Recall fhe nofafion Xn,k and tn,k infroduced above (2.6). For 
all n > 0 , we define 

{t,x)eAn 

where, for all (f, x) G 

JyeB{x,2-") 

wifh (•, •) denoting the pairing between distributions and test functions. One can 
write 


(5 A" 


t,X 


E 

fceZ ‘^+1 


O'k 




2 (n+l)d^jj 


in+l 

'n,k 




/(fty'.f). 




)dv 
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n.Jdu) ■ 

Observe that any two points v and u appearing in the integral above are at distance 
at most (M -|- 3)2“^”+^^ from each other. A simple calculation thus shows that 

E E/ (2.15) 

fceZ'^+i CeA 

where the quantity is given by 

F^{t,s,u) = ||n||^^,|/(s,«) - r“ j(t,u)|^ 

+ / 2^^\\U\\Ms,v) -Tl^J(s,u)\^dv . 

2i)eB(n,(AL+3)2-("+L) 

At this stage, it is simple to check that the conditions of Proposition 2.12 are satis¬ 
fied, so that TZ can be defined as the limit of Tin as n —)• oo. 

Let us now establish (2.9). For every A G (0,1], we let no be the smallest 
integer such that 2“”° < A. Then, we define ni as the smallest integer such that 

2-^° > 6M2"’"i , 2"2^° > (TM^ + C')2"2’"i . (2.16) 




/u£B{x, 2-'^) 


Xn 


' ^n.k 


Then, we write 


x) = {TlnJ - VniTlt^xKt, x)) (2.17) 

+ E “ ('^n+l - Pn)nt,xf(t,x) , 

n>ni 

where Pn is the orthogonal projection onto Vn- We bound the terms on the right 
hand side separately. To that end, we introduce the set 

:= {(s, y) e An : It - si < + 7M^2-^^, |x - y| < A + 5M2-^} . 


We claim that 




^ly - {^t,xf{t,x),iply) 




(2.18) 


< 

rs-/ 


ini 




(i + l|r| 




X,t,XQ / 

CeA 


holds uniformly over all (t, xq) G all A G (0,1] and all n > ni. We postpone 
the proof of (2.18), and proceed to bounding the terms appearing in (2.17). The 
first term on the right hand side of (2.17) yields the following contribution: 


(^ni/ - PniP-t,xf{t, X), r]^) 


Y, iA^:y - {^t,xfit, X), vY • 

(s,y)&Ani 
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We have < 2 2 'A 1^1 uniformly over all the parameters, and the 

inner produet vanishes as soon as (s, y) ^ Therefore, using (2.18) we obtain 

that 


sup 


(^m/ - x), 


< 

rs-/ 


ini 




(i + l|r| 




^^0,1 




as required. We turn to the seeond term on the right hand side of (2.17). As before, 
we write 


7^„+l/ - TZnf = Snf + Qn , 
with 5„/ G VZ and Qn ^Vn- We then have 
Znf - (Vn+l - 'Pn)'n.t,xf(t, x), 7]^) 

= E E (a“J' 

(s,y)eAn+i (r,M)eA„ 

Observe that | ((/?”+^ V’”«)I < 1 and ^ uniformly 

over all the parameters. For every given (s, y), the first inner produet vanishes 
exeept for those finitely many spaee-time eoordinates (r, u) G A„ sueh that \r — 
s\ < and \u — y\ < 3M2“^"^+^A Furthermore, the seeond inner 

produet vanishes whenever |r — t\ > A^ + M^2 or |u - x| > A + M2 ”. 
Therefore, we have 


1(5,/ - {Vn+l - Vn)Iit,xf(t,x),yZ)\ 


< 


Y, - (nt,./(f, X), 2 -(^+¥)a-(-+i^|) , 




uniformly over all the parameters. Using (2.18), it is then easy to get 


sup 


Znf - {Vn+l - Vn)V.t,xf{t, x), 


.$l|n||j 3 n+l (l + ||r||^n+l ;||J||^n+l 

\,t,XQ \,t,XQ X,t,XQ 


2-(n+l) 


A 


r+Q: 

A'^, 


as required. Finally, we treat the eontribution of gn = y)&A, 


sup \{gn,ylZ\ 


Ll 


< 


E 

(s,y)SA,:|s—t|<A^+M ^2 
\y—x\<\+M2~^ 



A-I^l 




For all s in the sum above and for all k G sueh that / 0, belongs to 
[f - A2 - (5M2 + C')2-2 («+i>, f + A2 + (5M2 - C')2-2 (^+i)], whieh is a subset 
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of [t — 2\^ ,t -|- — 2 thanks to (2.16) and the definition of C. By (2.15), 

a simple ealeulation using Jensen’s inequality yields 


sup 

r]&B^ 


{9n,vlx) 


< lini 


B 


Ll 


\,t,XQ 


S" 2-^T' , 

\,t,XQ 


SO that the asserted bound follows. 

We are now left with the proof of (2.18). We split A^y — 
into the sum of 


In(t,x,s,y) = 


'uGB{y,2 


J/(S^^ u) - x)),iply)du , 


and 


Jn(t,x,s,y) = {U,in^yr^y"{f(s^'^,x)-T^^i,„ J(t,x)),ip 


n \ 
s,y/ 


We start with \In{t, x, s, y)\, whieh ean be bounded by 


E 


uGB{y,2 


j/(.^-,u) - r^:/(s>,x)Ldu . 


For all (s,y) G we have jt/ — x| < A -|- 5M2“” so that using (2.16), we 

ean bound the integral over all u G B{y, 2~'^) by the same integral over all u G 
B{x, 2A). This yields 


\In(t,x,s,y)\ 


< 




E 


s£2-^^Z 


E 

Ce.4‘ 


2n(d-C-^) 


uGB(x,2\) 


CeA 




as required. Notiee that we have used the faet that the sum over s at the seeond 
line eontains at most (A2'^)^ elements, and that for all these s, we have G 
[t — 2\^,t + A — 2“^"] thanks to (2.16) and the definition of C. 

To bound | Jn(f, x, s, y)\, we distinguish two eases. If S'*'” > t, then it ean be 
bounded by 


< 




C>/3 


< 


Eim 

C>/3 


gin ^y ||r ||g4,ny^^4,ri^ 


A7-C 




22 


Regularity structures and Besov-type spaces 


On the other hand, if < t, then we write 

Jn{t,X,S,y) = , 

and, for all (s, y) G we bound \Jn{t, x, s, y)\ by 


y'l H [gin 



C,0&-A 



c>f} 




|/(f,x)-r-^,„/(6-, 

C ^7-/32-n(/3+4i) 

C>/3 



In both cases, we deduce that 


^ \Jnit,x,s,y)\ 






< 

rs_/ 


ini 






y~^ ;y|s|+7-C2-^(C--*f^) ^ 
Ce^ 


This ends the proof. 

The uniqueness of the reconstruction follows from the same argument as in [Hail4b], 
but for completeness, we recall it briefly. Assume that and ^2 are two candidates 
for TZf that both satisfy (2.8). Let ip he a compactly supported, smooth function 
on and let ry G 13’’ be even and integrating to 1. We set 

iPx{s,y) = {yly,iP) = j iP{t,x)yl,{s,y)dtdx . 

Then, we have 

(Cl - 6 , V’a) = y x){^i - C2, vlx)dt dx . 

We obtain 


1(6 - C2,'lp\)\ 


< 


00 sup 
t 


(6 - 6,^L) 


< 


LP{dx) 




so that (Cl — C 2 ) V’a) goes to 0 as A J, 0. Since ip\ converges to ip in the C°° topology, 
one has (^1 — 6; V’a) ^ (Ci “ C2, V’)- Hence Ci = C2 and the uniqueness follows. 

To complete the proof of the theorem, it remains to consider the case of two 
models (H, T) and (H, f). The reconstruction theorem applies to both / and / 
separately, using the sequences TZnf and 1Znf associated to each of them. Then, 
we observe that \SA^^ — SA]p^\ satisfies the bound (2.15) with F^{t, s, u) replaced 
by 

F^it,s,u) = ||n6„|/(s,t6) - fis,u) - + 
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+ [ 2^^\\U\\Ms, V) - f{s, V) - K^Jis, u) + u)\^dv 

JS(n,(Af+3)2-("+l)) 

+ ||n - n||^^,|/(s,u) - 

+ / 2-in - n||,,i/(s, V) - fij{s, u)\^dv . 

Furthermore, in this eontext, (2.18) beeomes 


\Aly - Aly - X) - X), iply)\ 

CeA 




(2.19) 


< 

rs_/ 


where ^ given by (2.11). The proof of (2.19) follows from the same ar¬ 
guments as above mutatis mutandis. This being given, the proof of (2.10) follows 
from exaetly the same arguments as above. □ 


3 Weighted spaces 

We would like to deal with white noise as the elementary input in our regularity 
strueture, but unfortunately white noise does not live in any of the spaees In 
order to eireumvent this problem, we ehoose to eonsider weighted versions of the 
previously mentioned spaees. We first define fhe elass of funefions fhaf have good 
enough properfies fo be used as weighfs. 

Definition 3.1 A funefion w : ^ R+ is a weighf if fhere exisfs C > 0 sueh 

fhaf for all x, y G R'^ wifh |x — y| < 1 

1 w{x) 

C ~ w{y) ~ 

All fhe weighfs eonsidered in fhis arfiele are builf from fwo elemenfary families: 

Pa(x) := (1 + |x|)“ , e£(x) := , 

wifh a,£ G R. If is easy fo verify fhaf fhese are indeed weighfs. We also observe 
fhaf fhe eonsfanf C ean be faken uniformly over all a and i in eompaef sefs of R. 
Given a weigh! w, we lef C"(R'^'''^) be fhe sef of disfribufions / on sueh fhaf 

sup sup sup ——— < oo . 

Ae(0,l] (t,a;)eR‘*+i 

Remark 3.2 Our seffing may seem surprising sinee our weighfs are in spaee and 
nof in spaee-fime; fhe reason for fhis ehoiee is fwofold. Firsf, fhe solution map 
for fhe SPDEs only needs fo be defined on (arbifrary) bounded infervals of time. 
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so that it suffices to characterise the regularity of the white noise on (0, T] x 
therefore, only the unboundedness of the space variable matters. Second, and this 
is more serious, we aim at using the exponential weights e^+j for the solution, and 
it happens that they are not space-time weights since is not uni¬ 

formly bounded from above and below, when {t, x) and (s, y) are only constrained 
to be at distance at most 1 from one another. 

We now characterise the regularity of white noise. Let XT : R — 5- R be a 
compactly supported smooth function, which is equal to 1 on (—2T, 2T), and let 
be a white noise on Let g : —)■ R be a compactly supported, even, 

smooth function that integrates to one. We set Qe{t,x) = xe“^), and 

we define fhe mollified noise Ce = Qe* C- 

Lemma 3.3 Fix a > 0, set wn(x) := (1 -f |x|)“, x G R'^, and let a < —|s|/2. 
Then, for any arbitrary T > 0, ^ ■ XT admits a modification that belongs almost 
surely to and there exists 5 > 0 such that 

■ XT - AtIU.wh ^ > 


uniformly over all e G (0,1]. 

Observe fhaf a can be faken as small as desired. In fhe case of (PAM), fhe while 
noise is only in space and an immediate adaplafion of fhe proof shows fhaf if admits 
a modification in for any a < —dj^. 

Proof From Proposition 2.6, it suffices lo show fhaf almosl surely 


\{i-XT,flx)\ 

sup sup sup -- < oo , 

n>o i/js'I'( t,x)eA„ 


sup 

xSAo 


\{i • XT,Tt,x)\ 
wn(x) 


< oo . 


We only freaf fhe firsl bound, since fhe second is similar. For any p > 1, we write 


E 


sup sup sup 

_ n>0 i/ig'I' {t,x)GA„ 


\{^-XT,ft,x)\ 

wn(x)2-”^-^" 


2p-| 


< 



E{c-xT,f?,xy 

wn(x)22-l«l^-2«« 


p 


where we have used fhe equivalence of momenfs of Gaussian random variables. 
Recall fhaf fhe norm of is 1, fhaf fhe cardinalify of fhe resfricfion of A„ lo 
fhe unil (s-scaled parabolic) ball of R'^+^ is of order and fhaf 'F is a finite sel. 
Recall also fhaf xt is compaclly supported. Thus we oblain fhaf fhe Iasi ferm is of 
order 


^ wn(x) 2 \s\n(p+l)+ 2 anp 

xeZ'* «>0 
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Taking p large enough, the sums over n and x converge. This shows that ^ • xt ad¬ 
mits a modification that almost surely belongs to . We turn to 11 — Oxt 11 a,wn ■ 

The computation is very similar, the only difference rests on the term 

E((C - ie)XTj'4’t,x)^ = Wi’ZxXT - Qe* {'^t,xXT)\\\2 ■ 


When t ^ (—2T — e, 2T + e), this term vanishes. Otherwise, it can be bounded 
by a term of order 1 A (e^2^”) uniformly over all e G (0,1], all n > 0 and all 
(f, x) G We obtain 


E 


sup sup sup 

_ n>0 x^Kn 


l((C-g.)Xr,V^g)K V 

wn(x)2-"^-’^" 


< 


EE 

x&Z^ n>0 


2n(\s\+2pa+\s\p)^-^ ^ ^2p22np'^ 

wn(x)2p 


so that for a < — |s|/2 and p large enough, the previous calculation yields the 

bound E||^e — C||a,p,wn ^ (^1 log ^1^) V uniformly over all e G (0,1]. 

□ 


Given a weight wn on R'^, we define weighfed versions of fhe seminorm on fhe 
model. For any subsef B C R'^"'"^, we sef 


iimii liniL 

n B := sup-^ 

zeB wn(T) 


rill 5 


2,2'es wn(x) 
2-2'|h<l 


where x is fhe space componenf of z in fhe above expressions. We are now in a 
position fo infroduce fhe nafural model associated fo fhe mollified noise. 


Lemma 3.4 Set wn(x) = (1 + |x|)“/or a given a > 0. Then, for any set B of the 
form [0, T] x R'^ the seminorms |||nl^l|||s and |||rl^l|||B are almost surely finite. 

Proof Lef B = [0, T] x R'^ for a given T > 0. Firsf, we observe fhaf fhe re¬ 
quired bound on Ff^^l holds for polynomials, and also for H by Lemma 3.3 since 
{^e,Vz) coincides wifh • XTihz) for lost functions p G and all 

z £ B. Then, fhe key observation is fhaf all fhe elemenfs in fhe regularify sfrucfure 
are builf from polynomials and E by mulfiplicafion and/or applicafion of I. Ad¬ 
ditionally, for every Ik - -z'lls < 1, the definitions of U^f^lT{zf and U^f^TT{z') 
only involve the values of nkV(-) and in a neighourhood of so that, for 

bounding these terms, the definition of a weight allows one to disregard the precise 
location at which the evaluation is taken. Since the regularity structure has finitely 
many elements, a simple recursion shows that the analytical bound on holds 
with the weight wn(x)” for some n > 1, instead of wn(x). Given the expression of 
wn(x), it suffices fo decrease a accordingly in order fo gef fhe required sfafemenf. 
Regarding fhe analyfical bound on fhe proof follows from very similar argu- 
menfs, using fhe proof of [Hail4b, Prop 8.27] and fhe bound of [Hail4b, Lemma 
5.21]. □ 
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Notation 3.5 From now on, the seminorm on the model will always be taken with 
the set B = [0, T] x R'^ and the maximal T will always be elear from the eontext. 
Therefore, we will omit the subseript B on this seminorm for simplieity. 

Let us now introduee weighted spaees of modelled distributions. For similar 
reasons as for the model, we add weights at infinity in the spaees Moreover, 
to allow for an irregular initial eondition, we also weigh these spaees near time 
0. For every G .4 and t G R, we eonsider two eolleetions of weights on R*^, 
0 and 0- We set 

Wt(x) := inf inf w^*^(x,0? (3-1) 

CeAie{i, 2 } 

and make the following assumption. 


Assumption 3.6 (Weights and reconstruction) All the weights wf\x, 0 are in¬ 
creasing functions of time. Furthermore, there exists c > 0 such that, for any time 
T > 0, there exists K > 0 such that 


< 


w 


(i) 


sup 


(a;,C) 


x,yC:R‘^:\x—y\<l Wj Q 


< K, 


sup 


(wn(x))^w^^>(x, 0 
wt(x) 


< K(t 


_ 

s) 2 , 


(W-0) 

(W-1) 


uniformly over all s < t £ (—oo, T], all i G {1,2} and all ^ G A 

From now on, we take = LP(R‘^, dx) and, by eonvention, the integration 
variable is always x, so that for example \\f{x, yffp really means \\f{-,y)\\Lp- 


Definition 3.7 Let ry, 7 G R and p G [1, 00 ). We define as fhe sef of maps 

/ : (0, T] X R'^ —5- Tc-f sueh fhaf 




W) \x,0 

UBix,X) wf(x,C)A7-C ^ 
|/(f, x) - -A^,x)i( 


. (v-OAO 
< 


LP 


, n-'i 
< t 2 


LP 


wf\x,C)A^ ^ 


< t 2 

r\j 


LP 


uniformly over all A G (0, 2], all f G (2A^, T], and all ( G A. If f lakes values in 
T{U), resp. T{T), we say lhal / belongs lo resp. Finally, 

we lei III/III denole fhe eorresponding norm. 
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Similarly as we did in the previous subsection, we need to be able to compare 
two modelled distributions / and / associated to two different models (If, F) and 
(n, f). To that end, we define |||/; /||| as the supremum of 




t 2 W^^(x,0 


LP{dx) 


+ 


+ 


lyeB(x,X) 


\fit, y) - fit, y) - ^\j,xfit, x) + x)|^ 

-B^-* 


t 2 


LP{dx) 


\fit,x) - fit,x) - r^j_^ 2 /(f - A2 ,x) + Tt^i-_x 2 fit - A2,x)|^ 


fVwf\x,C)A7-C 


LP{dx) 


over all A G (0, 2], all t G (2A^, T] and all C G ,4,. 

Observe that the space is actually locally identical to so that, for 

any test function supported away from the negative times, we can use Theo¬ 
rem 2.11 and define a local reconstruction operator {TZf, The next theorem 
shows that there is a canonical distribution TZf that coincides with TZf everywhere. 
First, let us define a weighted version of the space £^'P. 


Definition 3.8 Let a < 0, p G [1, oo) and T > 0. We let be the space of 
distributions / on (—oo, T) x such that 


sup sup 

Ae(o,i] te(-oo,r-A2) 


sup 


\{f,vlx)\ 

X°‘'^t+X2(x) 


< oo , 

LP(dx) 


(3.2) 


where the weights w^ were defined in (3.1). 


We start with the following extension result. 


Proposition 3.9 Let a G (—2,0), p G [1, oo] and T > 0. Let f be a distribution on 
the set of all rj G C’’(R‘^“'"^) whose support does not interset the hyperplane {t = 0}. 
Assume that f satisfies the bound (3.2) with the second supremum restricted to all 
t G (—oo, T — A^)\[—3A^, 3A^]. Then, f can be uniquely extended into an element 

Proof The proof is divided into three steps. First, we show uniqueness of the 
extension. Then, we build the extension but with a non-optimal weight. Finally, 
we show that the weight can actually be improved. From now on, we let x ^ 
R —R be a compactly supported, smooth function such that suppx C [5,co) 
and 'ffn&z A;(2^”'S) = 1 for all s G (0, oo). We also let x : R —R be a smooth 
function such that supp x C [—1,1] and Ylk&z A(x — k) = 1 for all x G R. 

Step 1: uniqueness. Let For every no > 1, we set Hno(i) = En<no + 

X(— 2^”f)). Observe that this function vanishes in [—5 • 2“^”° , 5 • 2“^"°]. We claim 
that for any / G and no large enough, we have 

xil - , 


(3.3) 
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uniformly over all (p G and all {t, x) G Since 2 + a > 0, this claim 

shows that the knowledge of / away from the hyperplane {t = 0} is sufficient to 
characterise /. The uniqueness of the statement is then immediate. We now prove 
the claim. We use the following partition of unity: 

d 

^ 'lpno,s,y{z) = 1 , 'll^no,s,y{z) = x(‘^^'^°iZ0 “ s)) - Vi)) • 

(«,V)eA„p i=l 

Since (1 — Vno) is supported in some centred interval of length of order 
we deduce that there exists C > 0 such that — i^no)'^no,s,y is identically 

zero as soon as \y — x\ > C and |s| > C'2-2’^0, uniformly over all ip £ all 
{t,x) G R'^"''^, all no > 0 and (s,y) G A„q. Then, for any p G .S’’(R‘^'''^) and any 
{t,x) G we have 


^no)) — ^ ^ T'no)V’no,s,y) • 

G,v)eA„p 


(3.4) 


Recall that |s| = 2 + d. For all z G B{y,2 the function — 

i^no)'^no,s,y Can be written as r]g , for some y G up to some factor C, where 

\C\ is uniformly bounded over all p G B'^, all no > 0, all {s,y) G A„q and all 
z G B{y, 2“”°). Using Jensen’s inequality, we thus get 


'y ^ ^'no)V’no,s,3/) 

(s,j/)eA„Q 


^ sup 


^ ^ 2“’^o(2+c/+q) 

7/-fo7/'ifZA 

Is|<c'2-2-o 
' \y-x\<c 


\{f,2'^°\^\pt^^{l - yno)'4’no,s,y)\ 


^—riQa 


E 


^ sup 

5^2 ^^OZ 7y/'c 7/'1CA 

IsI<c2-2"o yf^y’f^pp 
' \y-A<C 


no(2+a) 


|(/, 2''ol^l(/?t,a;(l - yno)'4^no,s,y)\ 


UeB(y,2-"o) 


2”noa 


dz 


< 2-”0i2+«)wy(x) sup ( ^ 


|s|<^ 2-2"0 ^ 2^-^'2/)eA„Q 

\y-x\<C 


/ sup 

IzeB(y,2-"0) 


{f,v. 


2“"0 \ 
s,z / 


W7’(x)2“"-o" 


p \p 

dz 


< 2"”oi2+“iwT(x) sup 
seR 

|s|<C2-2"0 


/ sup 

lzeB{x,C') 


(/,<; °) \v, X- 

dz 


W7’(x)2“"'0“ 


uniformly over all y? G all no > 0 and all {t,x) G R'^"''^. For all no such 
that (C + 1)2“^'^° < T, the term on the right hand side is bounded by (3.2), thus 
concluding the proof of the claim. 

Step 2: existence. Let us now consider a distribution / as in the statement, and let 
us construct its extension. We use the following partition of the complement of the 
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hyperplane {t = 0} 

d 

Y , (x(2'"zo)+a(-22"^o)) ^ 

neZ (s,J/)SA„ i=l 

for all z G with zq / 0. Then, for all n G Z and all {s, y) G A„, we set 

d 

'ipn,s,y(z) = (a(2^”2o) + a(-2^”2:o))x(2^”(^o - s)) x(2”(^i - Vi)) ■ (3.6) 

i=l 

We need to define (/, rj^^) for all those r] ^ and {t, x) G sueh that t G 

[—3A^, 3A^]. The uniqueness part of the statement shows that / should not have 
any eontribution on the hyperplane {t = 0}. This suggests to set 

{f,vlx)-= Y Y1 if^^lx'^n,s,y) ■ (3.7) 

2-"<A (s,y)eAn 


Notiee that we restrieted the sum to those n sueh that 2“” < A, sinee otherwise 
the produet ritx'^n,s,y is identieally zero. We only need to eheek that the right hand 
side makes sense. First, we notiee that for any given n, the sum over s in (3.7) ean 
be restrieted to the set 

56 ^ = |s G 2-2«Z : s G [f - A^ - 2 -^^, t + + 2 -^^] , 

B{s, 2-2-) n supp (x( 22-.) + x(-22-.)) / 0 } . 

The eardinality of this set is uniformly bounded in n > 0. Then, for every n > 0 
sueh that 2“- < A, we write 


sup ^ Y 

sesi:^ ye2-"Z'^ 


n,s,y/ 




^ sup 

sGSfi 


sup 

rjSB’’ 


E 

ye2-"Z'^ 
\y-x\<\+C2 


'u£B{y,2 






where C > 0 depends on the size of the support of if;, and where we have artifi- 
eially added the integral over u at the seeond line. At this point, we use Jensen’s 
inequality, the bound (3.2), and the faet that the funetion r]txi^n,s,y can be written 
C"(A 2-)-^®^(/92 J* for some funetion (p £ B'^ and some eonstant C, where \C'\ is 
bounded uniformly over all f, x, s, y, u, n as above. This yields 


< sup 2 - 2 -A -2 


sup 

u£B(xo,3) V’SB’’ 





<X ^2 -i2+«)wj^3^2(Xo) , 


1 

P 
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uniformly over all A G (0,1], all f < A2, all xq G and all n G Z such that 
< A. To get the last hound, we used the fact that for all s G Sn^, we have 
s > 3 • 2“^” and s < f + 2A^. Using the assumption a > —2, we deduce that 

(f^'ntx'iPn,s,y) < A“Wi+3;^2(xo) , 

2 -n<x se<s*’^ j/e2-"Z'i 

uniformly over all the parameters. Therefore, we have extended / into a genuine 
distribution over with the right regularity index but with a slightly worse 

weight than desired. 

Step 3: optimal bound. We now show that the weight in the last bound can be 
replaced by w^_,_;y 2 (xo) as required. To that end, we refine the mesh of our partition 
of unity near the maximal time of the support of the test function. We fix f, x, A 
and assume that t < 3A^. We then introduce: 

Y, x(2'"(^o-s))x(2"(u-yi))...x(2"(^d-i/d)) = l, 

neZ (s,y)&An 

(3.8) 

for all z G (—oo, f + A^) x R*^. Taking the product of (3.5) and (3.8), we deduce the 
existence of a set Sn^ C R and a collection of smooth functions ipn,s,y, compactly 
supported in B{{s, y), 2“”), indexed by (s, y) G Sn^ x (2“"^Z'^), such that: 

1. For all zR'^^^ such that zq G (—oo, 0) U (0, f + A^), 

Yj ^ ^ 'lpn,s,y(z) = 1 . 

2-"<A5g5*A j^g2-"Z‘* 

2. The number of elements of Sn^ is bounded uniformly over all n G Z, and it 
is included into the union of (—oo, —4-2“^"^] and [4-2“^"^, f + A^ — 4-2“^"^], 

3. For all k G with |A:| < r, we have \D^'i/jn,s,y\ ^ 2"'l^l uniformly over 
all n G Z and all (s, y) G x {2-^Z^). 

This allows us to write 

^ dlx(z)'ll^n,s,y(z) , (3.9) 

for all z G R*^^^ with zq / 0. In the sum over y, the number of elements with a 

non-zero contribution is of order at most (A2"^)‘^. From Step 1, we know that the 
following equality holds 

{f,vlx)= Y Y Y if^dlxi^n,s,y) ■ (3.10) 

2-^<\seS^^ye2-"Z'i 

Then, we can apply the calculations made in Step 2, the only difference comes 
from the set Sn^ whose elements are at distance at least 4 • 2“^” from t + A^. This 
ensures the required weight. □ 
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Theorem 3.10 (Reconstruction with weights) Let (T, Q,A)bea regularity struc¬ 
ture. Let 7 > 0, p G [1, oo), a := min A r > |q;| and (II, F) be a model with the 
weight wn(x) = (l + |x|) 2 ,xG R . In addition to Assumption 3.6 on the weights, 
we require that a' = p A a — c> —2 and 7 — c > 0. Then, there exists a unique 
continuous linear map IZ : T ^) = 0 whenever p is 

supported m (— 00 , 0 ) x R'^, and 

sup \{nf<CX^~H^Wt^xAxo), (3.11) 

uniformly over all A G (0,1], all xq G R'^, all t G [3A^,T — A^], all f G 
and all admissible models (H, F). Here C := |||n|||(l + |||F|||)|||/|||. Furthermore, we 
have the bound 

sup \{nf,plf)\ <CA“^"-'^w,+, 2 (xo), (3.12) 

uniformly overall A G (0,1], all xq G R'^, all t G (0, T — A^] and all f G 

If (n, f) is a second model for T and if 1Z is its associated reconstruction 
operator, then we set 

c := iiniiKi + |||F|||)|||/; /III + in - n|(i + |f|)|/ 1| + |n||F - f ||/1|, 

and we have the bound 

sup I (7^/ -TZf- x) + x), pIx)\ 

(3-13) 

< CX^~'^t^Wt^xAxo), 

uniformly over all A G (0,1], all xq G R*^, all t G (3A2,T - A2), all f G Vl^y, 
all f G and all admissible models (H, F), (II, F). We also have 

sup I (7^/ - nf, plf}\ < C'A“^’^"‘'wt+;^ 2 (xo), (3.14) 

aiQ.l 

uniformly over the same parameters. 

Notice that in these statements we lose a factor A”"^ compared to what one would 
have expected: this is the price we pay for having added weights to our spaces 
and requiring uniformity in space. However, we will see in the sequel that we can 
choose the constant c as small as we want. 

Proof. We only need to show that there is a unique distribution IZf, on the set of 
all test functions whose support does not intersect the hyperplane {t = 0}, that 
fulfills the requirements of the theorem for these test functions. Then, Proposition 
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3.9 yields the desired result. 

First, we set {TZf, r]) := 0 for every rj G which is supported in the half-space 
{t < 0}. Second, let A G (0,1], x G R'^ and t G [3A^,r — A^]. By a simple 
localisation argument, one can build an element / G such that / coincides 
with / in — f-|-A^] x B{x, 3) and vanishes outside [f—3A^, f-|-2A^] x B{x, 4). 

Indeed, it suffices to lift into the polynomial regularity structure a smooth function 
equal to 1 on [f — 2A^,t -|- A^] x B{x,3), and vanishing outside [t — 3A^,t -|- 
2A^] X B{x, 4), and to define / as fhe producf of / wifh fhis smoofh funcfion (fhis 
may require fo exfend our original regularify sfrucfure wifh fhe polynomials, and 
fo define fhe canonical producf befween elemenfs in fhe regularify sfrucfure and 
polynomials). 

Using fhe reconsfrucfion fheorem in we sef := 

We now show (3.11). Recall fhe definilion of B"^ = from Theorem 2.11. 

Nofice fhaf 

|||n|||Bn(l + |||r|||Bn)|||/|||Bn < fVwn(Xo)^SUp sup wf|^ 2 _ 2 - 2 n(T 0 ,C) . 

C *6{1,2} 

uniformly over all A G (0,1], all xq G R'^, all t G [3A^, T — A^], all / G ^2 

W,-t 

and all n > 0. Using (W-1), we deduce fhaf fhe righf hand side is acfually bounded 

77 — 7 

by a ferm of order 'w^_^_x2{xo)2'^‘^ uniformly over all fhe parameters. Therefore, 
by (2.8), we deduce fhaf (3.11) holds. 

This defermines fhe value of {TZf, if), for any fesf funcfion cp whose supporf does 
nof infersecf fhe hyperplane {t = 0}. Indeed, any such funcfion can be spliffed info 
& finite sum of funcfions of fhe form wifh t > 3A^, on which TZf has already 
been consfrucfed. If is fhen simple fo check fhaf TZf is a well-defined disfribufion 
on fhe sef of fesf funcfions whose supporf does nof infersecf fhe hyperplane {t = 0}. 
We can apply Proposition 3.9, and fhe sfafemenf of fhe fheorem follows. 

The case of fwo models is handled similarly, using fhe bound (2.10) from fhe re- 
consfrucfion fheorem in V^'P, fhus concluding fhe proof. □ 

4 Convolution with the heat kernel 

The goal of fhis secfion is fo define an operator fhaf plays fhe role of fhe convolufion 
wifh fhe heaf kernel, buf af fhe level of modelled disfribufions. This will be carried 
ouf separately for fhe singular parf and fhe smoofh parf P_ of fhe heaf kernel, as 
defined in Lemma 2.1. Alfhough such an absfracf operator was defined in Secfion 5 
of [Hail4b], fhe facf fhaf we have incorporated weighfs in our spaces imposes some 
additional consfrainfs on fhis map. The main difficulfy comes wifh fhe singular parf 
of fhe kernel P+, which is handled in Theorem 4.3. The smoofh parf is simpler, and 
is addressed in Proposifion 4.5. We end fhis secfion wifh fhe freafmenf of fhe inifial 
condifion. 

From now on, we fake fhe following values for fhe parameters: 
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They fulfill the requirements that 7 > —a and ry — 7 > —2. Reeall that a is the 
regularity of the noise, rj is the regularity of the initial eondition and 7 is the upper 
bound of the homogeneities involved in the regularity strueture. 

We also eonsider, for all t G R and all ( £ A, two eolleetions of weights 
0 and () on R*^. Observe that it is meaningful to write Wj*\-,t) to 

denote Wj*\-, |r|) for any r G T. 

Assumption 4.1 (Weights and convolution) Let c > 0 and 7 ' > 0. In addition to 
Assumption 3.6, we impose that: 

t) < , (W-2) 

wn(x)w^*\x, rS) < w^*\x, , whenever \t\ + a <\k\ — 2 , (W-3) 

wn(x)wj^\x, rS) < 'wf'\x, X^), (W-4) 

Wj*\x, rH) = w^*\x, r), (W-5) 

for all x G R*^, all s < t £ (— 00 , T], all r G all k £ such that \ k\ < j' 
and all i £ { 1 , 2 }. 

Take 7 ' = 7 + a + 2 — c with c G (0, §). Here is a possible ehoiee of weights 
satisfying Assumption 4.1: 

wn(x) := (1 + , 

wf\x, 0 := (1 + |x|)s^ gdi+kl) ^ (41) 

wf (x,0 := (1 + |x|)s(C+3)e*(i+l-l)e^(i+l"l> , 

where C, £ and £ is a eonstant whieh will allow us to eonsider an initial 

eondition in a weighted spaee. 

Lemma 4.2 Suppose that u £ Then, the map f = u - E belongs to the 

space 


Proof. By eonstruetion, we have r;^ ; 2 '(rS) = (Tz^z'TfE for all r G ZY and all 
z,z' G R‘^+\ sothat |/( 2 ;)-r^ 4 /( 2 ;')|^ = \u{z)-T AIQ £ A{F). 

Using (W-5), it is then immediate to eheek the statement. □ 

4.1 Singular part of the heat kernel 

Let u be an element of S> := and set / = tt • H G . For any 

given 7 ' > 0 , we define the abstraet eonvolution map as follows: 

{Vtm,x)=l{f(t,x)) (4.2) 

+ E E ^{^t,ccQ(Kt,x),D^P+{{t,x)- ■)) 

Ce4(.F) |A:|<(C+2)A7' 




34 


Convolution with the heat kernel 


+ ^{nf -Ut,^f{t,x),D’^P+{{t,x) - ■)) . 

\k\<Y 

The well-definiteness of this operator is a eonsequenee of the next result, whieh is 
the seeond main teehnical step of the present work. 

Theorem 4.3 Take c G (0, |) and set 'j' = 7 + 2 + a — c, ??' = t] + 2 + a — 
c. Wfe assume that 7 ^ ^ N. Let u G ^ and set f = u ■ E ^ 

{P). Then, under Assumption 4.1 on the weights, we have Vj. f G 
:= ’^(^) bound 

Wv+flW < |||n|||(i + |||r|||)|||u|||^ . 

holds uniformly over all T in a compact set o/R+, all I in a compact set o/R, all 
u £ ^ and all admissible models (If, T). In addition, we have the identity 

nV+f = P+ * 7^/ . (4.3) 

Moreover, i/(n,r) is another model with the same weight wn and if u belongs 
to the corresponding space & equipped with the same weights then we 

have the bound 


|||p+/;iP+/ll^,_^, <|||n|||(i + |||r|||)||| u; 

+ (|||n-n|||(i + |||f|||) + |||n||||||r-f|||)|||nb, 


uniformly over all T in a compact set of R+, all (. in a compact set of R, all 
n, n, r, r and all u, u. 


Before we proeeed to the proof of the theorem, we eolleet a few teehnieal faets. Let 
us denote by Bf the subset of whose elements are supported in the half-spaee 
{t < 0}. Using Theorem 3.10, we immediately get 


sup 


{P-f, ht,x) 

Wt(x) 


LP 


(4.4) 


uniformly over all t G (0, T], all A G (0,1] and all / G , as well as 


sup 


{IZf - - X^,x), 

SNfx) 


LP 


(4.5) 


uniformly over all t G [dA^, T], all A G (0,1] and all / G These two 

bounds will be applied repeatedly to the funetion PQ{{t,x) — ■) G BL as well as its 
resealings Pn, n > 0. 
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For all z, z' G all k G such that \k\ < 7', and all n > 0, we define 

■= - ■) - E - ■) ■ 

l■.\k\+\^\<'y' 

Using the classical Taylor formula, one obtains the following identities: 

£=(ro,o,...,o) 

7'<|fc|+24<7'+2 (■4_5) 

y (1 - + u{t - s), x) - ■)du , 

and 

Pnltitx^-) = E ^y~ 

r=(0,o,...,U) 

7'<|A:| + KI<7'+1 (4.7) 

y (1 - X + rt(y - x)) - ■)du , 

for all (t,x),{s,y) G In these equations and later on in the proof of the 

theorem, we use the notation (y—xY and {t—sY for {z—z'Y where z = ( 0 , y), z' = 
(0, x) in the first case, and z = (f, 0), z' = (s, 0) in the second case. Notice that 
in the two formulae (4.6) and (4.7), we do not consider space and time translations 
simultaneously. For space-time translations, the situation is slightly more involved 
due to the scaling 5 so we rely on the following result. 


Lemma 4.4 (Prop 11.1 [Hail4b]) Let dY be the set of indices 

{/ G N'^+i : \e\ > y, Y - em(ul < V} . 

where Cj is the unit vector o/R'^'*'^ in the direction i G {0, ... ,d}> m(f") := 

inf{f : £'■ / 0}. For all z, z' G and all k G such that \ k\ < 7 ^ we have 

P^^A-) = E [, ,D'^^^PnA + h- fA^Yz-z',dh) . 

e-.k+i&d'i' 

Here, ~ z',dh) is a signed measure on R'^'*'^, supported in the set {z G 

R ^ : Zi G [0, Zi — z']} and whose total mass is given by ^ (Aty. ' 

For the sake of readibility, we drop the superscript 7' in the operator . 

Proof of Theorem 4.3. From now on, the symbol < will be taken uniformly over 
all ^ in a given compact set of R and all T in a given compact set of R+. Also, the 
implicit constant associated to this symbol always dominates the constant of (W-1) 
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as well as all the eonstants assoeiated with Definition 3.1 for the eorresponding 
weights. We provide a eomplete proof of the statement eoneerning a single model. 
To prove the part with two different models, the arguments work almost verbatim 
given the following two identities: 


- lizQco- = n^Qc(® - o) + (n^ - ii-z)Q(:a, 

(J^z'Qc^z',z - ^z'Qc^z',z)a = ^z'Qc,{^z',z - + {Jiz' - ^z')Qcj^z',za . 

Let n G ^ and set / = rt • S. For simplieity, we assume that |||m||| = 1. The 
proof is divided into four steps. We will use repeatedly Lemma 2.1 without further 
mention. 

For all n > 0 and all (t,x) G (0, T] x R*^, we define 

{V2'm,x):= Y. Y ^{^t,.Qcfit,x),D’^Pn{(t,x)--)) 

CeAiJ^) |fc|<(C+2)A7' 

+ ^m-^t,xf(t,x),D^Pn{{t,x)--)) . 

|fc|<7' 

We will make sense of (4.2) by showing fhaf fhe series of fhe eoeffieienls on fhe 
monomials of {P2 f){t,x) is absolutely eonvergenf. 

First step: punctual terms. For all non-infeger values C £ ,4.<.y'(ZY), we have: 



< 

\u(t,x)\c^-2-a 

(77'-C)A0 4) 

t 2 w\\x,0 

CN_/ 

LP 

(77-C+2+a)AO ni 

t 2 w^^qx, C — 2 — a) 


where we have used Condition (W-2) and fhe fael fhaf p' — ( and p' + c — ( have 
fhe same sign. Therefore, fhe desired bound follows. 

We furn fo fhe infeger levels k sueh fhaf \k\ < 7 '. We disfinguish fwo sub-cases. 
Firsf, if t < 4 • 2“^"^, we write klQk{Vnf){t, x) as: 

{nf,D^Pn{(t,x)--))- Y {nt,a:Q(f(t,x),D^Pn{{t,x)--)) . ^ 43 ^ 

C<|fc|-2 


Using (4.4), we gel 

{nf,D^Pn{{t,x)--)) 

|A:|) 

uniformly over all fhe corresponding n and t. Since p' ^ N, fhe sum over fhese n 

(»7'-|fc|)A0 

yields a bound of order t 2 , as required. We now bound fhe second lerm 

of (4.8). When = |A:| — 2, Ibis term has a zero conlribulion since P„ kills 
polynomials of degree r. On fhe ofher hand, we use (W-3) lo gel for all < \k\ — 2 

{npxQcfjt, x), D^Pn((t, x) - •)) 
wf\x, |A:|) 


< 2-n(2-rc-|fc|)^2±|^ ^ 
LP 


LP 
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uniformly over all the eorresponding n and t. Summing over all the eorresponding 
n yields a bound of the required order. 

We now treat the ease f > 4 • 2“^”. We set tn = t — and write 

klQk{'Pnf)(t,x) as: 

(7^/ - x), D^Pn((t, x) - •)) 

- {Ut,a:Qc{f{t,x) -rltJ(tn,x)),D^Pn{{t,x) - ■))dr 

C<|fc|-2 (4.9) 

+ X] (^t„,xQ(:fitn,x),D^Pn{(t,x)- ■))dr . 

C >| fc |-2 

The first and seeond terms ean be treated easily using (4.5) and (W-3) respeetively. 
We now deal with the third term. Using (W-1), we get for all C > |A:| — 2 

(nt„,xQd(*n,x),D^Pni(t,x) - •)) ^ v+<^-C (^2+C-\k\-c) 

v^?\xAk\) 

uniformly over all n sueh that t > 4-2“^"^. Sinee c < k/2, we have 2+C — \k\ —c > 
0, so that the sum over these n yields the required bound. 

Second step: translation in space. We now look at ("P^ /)(f, y) — T* ^.(P^ /)(f, x) 
with lx — y| < 1. If C C ^<.y'((^)\N, then the only eontribution eomes from Z and 
we have: 

/^gi?(a.,A) y) - x))\^dy 

t"^A7'-Cwf(x,C) Lr 

^ Iy&B(x,X) A~^|(^(t,i/) - T\^^u{t,x))\^-c,-2dy 

A7-C+“+2wP\x, C — a — 2) LP 

where we have used (W-2) and the identity ri' — p = 'y' — 'y = 2 + a — c with c > 0. 
The required bound follows. 

We turn to the integer levels k with \k\ < 7 '. We first treat the ease < f < 
36 • 2 ~‘^^. By Taylor’s formula, we write k\Qk{{Pnf){t, y) — x)) as: 

{nf,P^:X,tx) - (ni,,/(f,x),p„%,) 

- {Ut,yQc{Kt,y)-TlJ(t,x)),D’‘Pn{{t,y)--)) . ^^.lO) 

C<|fc|-2 

Using (4.7), we deduee that for any distribution g, we have 




< sup (4.11) 


uniformly over all y G B{x, A) and all n > 0, for some eonstant C independent of 
everything. Using (4.4), we thus get 

fy€B(x,\) ^ I -Pn;q/,te) ^ 

wf^x, |A:|) LP 
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uniformly over all f < 36 • 2 Since ry' — 7 ' < 0, the sum over all these n 

v' —'y' / III 

yields a bound of order We turn to the second term of (4.10). Using 

(W-4) and (4.11), we get for all C, G 


L 




kX 


yeBix,\) 


W 


( 2 ) 


(x,\k\) 


< Ar7'i-ifei2-u2+c-r7'i)t'^ 

LP 


Since 2 + ^ < 7 ^ the sum over all n such that t <36-2 yields a bound of 
the right order. Regarding the third term of (4.10), notice that it actually vanishes 
whenever ( = | A:| — 2 since kills polynomials of order r. We use (W-3) to obtain 
for every ^ < |A:| — 2 


IyeB(x,X)^ -'^l,xfit^x)),D^Pni{t,y) - ■))\dy 


w) \x,\k\) 

fyeB(x,X) y) - ^,xf(t, x)kdy 


LP 


wf\x, \k\) 

< ^^_\7+“-C2-U2+C-|A:|) 


n(2+C-|fc|) 


LP 


uniformly over all the corresponding parameters. Summing over the corresponding 
n, one gets a bound of the right order. 

We now turn to the case < 4 • 2“^*^ < 36 • 2“^” < t. Recall that 2“” + A is 
the size of the support of the test functions involved in (4.11). We set fn = f — 9 • 
and we observe that tn > 3(2“” + A)^. Then, we write klQkiiVnfXt, y) — 
^,xi'Pnf){t, x)) as: 

( 7 ^/ - T), P„%,) - - rf,t„/(fn, x)),P!:!X,tx) 

- {Ut,yQc{f{t,y)-TlJ(t,x)),D>^Pn{{t,y)--)) . (4.12) 

C<|fc|-2 


The first two terms can be easily bounded using (4.11), together with (4.5) and 
(W-4) respectively. The third term coincides with the third term of (4.10), and the 
bound follows from the same arguments. 

In the case 4-2“^'^ < A^ < f, wesetf^ = f—2“^^^ and write A:!Qfc(('Pn/)(f, y)— 
^,x('Pnf){t, x)) as: 

(Pf-nt„^yf(tn,y),D^P4(t,y)--)} 

- ( 7 ^/ - X), k^B^+^P^((t, X) - •)) 

|fc| + KI<7' 

- E (nt,yQ((f(t,y)-rl,J(tn,y)},D^Pn((t,y)--))} 

C <| fc |-2 

+ E (^t,yQ<^lt„(f(in,y) -J^l"xf(in,x)),D^Pn((t,y) - ■))) (4.13) 

C>|fc|-2 
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- X) - Tltjdn, x)),D’‘Pn{(.t, y) - ■))) 

C >| fc |-2 

+ (nt,,(/(t,x) - Tl^J{tn,x)), Y. - •)) . 

\k\+\e\<y 


The bounds for the two first terms follow easily from (4.5). The third term vanishes 
when (^ = \k\ — 2 sinee kills polynomials of order r. On the other hand, for all 
C < |/c| — 2 we have 


y) - rlJitn, ?/)), Z?'=Pn((t, 2/) " 0)) 1^2/ 


< 


Wi \x,\k\) 

fyeB(x,X) - ^ltj(tn,y)l^dy 


LP 


wd(x, 0 
lf(t,x) - rd^f(tn,x)l^ 


2-n(2+C-|fc|) 


LP 


wd(x, 0 


j-n(2+C-|fc|) 


LP 


where we have used (W-4) at the seeond line and Jensen’s inequality at the third 
line. Summing over all n sueh that 4 • < A^, one gets a bound of the right 

order. Regarding the fourth term of (4.13), we have for all 7 + 0 ; > /? > C > 1^1 “ 2 


fyeB(x,X)^ '^i(^t,yQ(rYQ/s(f(tn,y) -I'dxf(in,x)),D^Fn((t,y) - -^dy 


< 


wf^x, |A:|) 

fyGB(x,X) 2 /) “ x)\^dy 


LP 


'^?](x, 13) 

< 2-n{2-\k\+l3-c)^:xpL 


j-n(2-|fc|+/3-c) 


LP 


where we have used (W-1). c being small, we have 2 + /3 — \k\ — c > 0 so that the 
sum over all the eorresponding n yields a bound of order A'*'as desired. 
The fifth term of (4.13) is treated similarly, using (W-4). The bound of the sixth 
term follows easily from (W-4) as well. 

Third step: translation in time. We need to eontrol {V+f){t,x) — rf^(P+/)(s, x) 
for all f > s > 0 sueh that (t — s) < s. We start with the non-integer levels 
C G Al<y((^), for whieh we have: 


|x(/(f,x)-rf,,/(s,x))|^ 

< 

\u{t,x) - rf^^u(s,x)|^_ 2 _^ 


rv-/ 

LP 

(t_,)-T+%Vwf\x,C- 2 -a) 


where we have used (W-2) and the identity 7 ' — 7 = 7 ' — r/ = 2-|-a — c with c > 0. 
This ensures the required bound. 
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We now turn to the terms at integer levels k with \k\ < 7 '. Aetually we need 
to distinguish three sub-eases. First, we assume that t — s < s < 36 • 2 and we 
write Qk{{Vnf){t,x) - x)) as: 

{nf,P!::X,sJ - {Us,Jis,x),P^X,sJ 

- (nt,xQdfit^^)-^sf(s,x)),D^Pni{t,x)--)) . ^ 4 . 14 ) 

C<|fe|-2 


By (4.6), we deduee that there exists 5 > 7 ' -|- c, sueh that for any distribution g 
we have 


\(n ) 

IW) n\tx,sx/ 


^ sup |(c/, 7 i 




n{ 2 -S) 


(4.15) 


uniformly over all s, t, n, A as above. This being given, the bounds of the two first 
terms of (4.14) follow easily from (4.4) and (W-1). Regarding the third term, we 
notiee that the values ( sueh that ( = \k\ — 2 have a zero eontribution, sinee P^ 
kills polynomials of degree r. On the other hand, for all ^ < |A:| — 2, we use (W-3) 
to get 

{nt,xQdf(t, X) - x)),D^Pn{{t, X) - •)) 

wf\x, |A:|) LP 

<sV(t-s)^ 2 -( 2 +C-|fc|). 

T} — ^ 7^~|fe| 

The sum over the eorresponding n yields a bound of order s 2 (f — s) 2 as 
required. 

Seeond, we treat the ease f — s < 4-2“^'^ < 36-2“^'^ < s. Set Sn = t — 9-2~‘^^, 
notiee that Sn > 3(2“"^ + dt - sf. We write k\Qk{{Vnf)(t, x) - Tf d'PnfXs, x)) 
as: 

(7^/ - n,„,,/(s„, X), P':,X,sx) - (n.,.(/(5, X) - Tl,J{Sn, x)),P^X,sx) 

- Y. {^t,xQdf(t^^)-^lsf(.s,x)),D^Pdi.kx)--)) . ( 4 . 16 ) 

C<|fc |-2 


The bound of the first term is a direet eonsequenee of (4.5) and (4.15), while the 
third term eoineides with the third term of (4.14) and the ealeulation made above 
applies. Regarding the seeond term, by (W-1) and (4.15) we have for all C, G A{P) 

{^s,xQQ{f{s, X) - TdJ{Sn, x)),PY1,sx) 

wd\x,\k\) LP 


Sinee 2 + 'y + a — 5<9, the sum over the eorresponding n of the last expression 

r? —7 7^ —|fc| 

yields a bound of order s 2 [t — s) 2 as required. 
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Finally, we consider the case 4-2 < t — s < s. We set = s — 2 

tn = t- 2 - 2 «, and we write klQk{{Vnf){t, x) - Tf^^{Vnf){s, x)) as: 

(7^/ - x), D^Pn{(t, x) - •)) 

- (7^/ - n,^,xf(Sn,x), ^ ^l^n^+^p^((s,x) - •)) 

|fc| + K|<7' 

- (^t,xQi(f(t,x)-^f^,J(tr^,x)),D^Pn((t,x)-■)} 

C<|fc|-2 (4.17) 

+ (nt,xQ(rf^tJf(tn,x)-ri^j(.s,x)),D^Pn((t,x)--)} 

Olkl-2 

+ (n,,,(/(5,x) - ^ ^l^n^+^Pr,((s,x) - •)). 

I^I+KI<7' 

The required bound for the first two terms follows easily from (4.5), while the third 
term can be bounded using (W-3). Let us treat the fourth term. For all /3 > ^ > 
|A:| — 2, using (W-1) we have 

(nt,xQ(^,t„Q/s(f(tn,x) - rf^^J(s,x)),D^Pn((t,x) - •)) 

wf\x, |A:|) LP 

< s^{t - S - 2-2n)^2-'^(2+/3-|fc|-c) ^ 

Since c is small, we have 2 — c + /3 — \k\ >0. Therefore, the sum over all n such 

_ 77—7 7^—|fc| 

that 4 • 2~ < (t — s) is bounded by a term of order s 2 (t — s) 2 as required. 

Finally, the fifth term of (4.17) can be bounded using (W-1). 

Fourth step: equality with the convolution. Let us show that PV^f = Pj^*Pf. By 
the uniqueness of the reconstruction theorem (Theorem 3.10), it suffices fo show 
fhaf 

\{{p+*nf)-iit,x{v+f){kx),itl,)\ 

sup --- 

rjeB’’ W^_,_;^ 2 (x) 

uniformly over all A G (0,1] and all t G [3A^, T — A^]. Using (2.5) and (4.2), if is 
elemenfary fo gel: 

((P+ * nf) - Ilkx{V+f){t, x), 77 ^^^) = / hixis, y) ^ Rn{t, X, s, y)ds dy , 

n>0 

where 

Rn{t, X, s, y) = (JZf - lit,X fit, X), Pni(s, y) - ■)) 

- E ~ ~ (^/ - ^hxfit, X), D^Pniit, X) - •)) . 

KI<7' 


/ v'—'y' 

(4.18) 

LP 
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By the scaling properties of rj^, we have 

I ((-P+ * ^/) - x), rjlJ I 


sup 




(4.19) 


LP 


< 


E 

n>0 




LP 


uniformly over all the parameters. Then, we distinguish three cases. First, if 3A^ < 
f < 36 • 2“^”, we write 

Rn{t,X,S,y) = {nf,PnJy,tx) - {^t,xf{t,x),P^’2y ^^) . 

By Lemma 4.4, we deduce that for any distribution g we have 

[ , X-^-^\{g,P^!X,tx)\dsdy 

< sup 1(5,E 


(4.20) 




reay 


uniformly over all the parameters. Therefore, arguments very similar to those pre¬ 
sented below (4.10) ensure that 


'{s,y)eB{{t,x),x) 


'^t+X^(x) 


L’’ ieay 


t V ~7 

so that the sum over the corresponding n yields a bound of order t 2 . Second, 
if 3A^ < 3 • 2“^"^ < 36 • 2~‘^^ < t, we set tn = t + — (2“”^ + 2A)^. Notice that 

tn > 3(2“” + 2A)^. Then, we write 

Rn(t, X, S, y) = {TZf - Ilt„,xf{tn, X), PnJy^tJ 

+ (nt,M(t, X) - Tl,jitn, X), , 

and the arguments below (4.12) can easily be adapted to obtain a bound of order 

-1 as above. Finally, when 3 • 2“^” < 3A^ < t, the desired bound fol¬ 
lows from the arguments presented below (4.13). This completes the proof of the 
theorem. □ 


4.2 Smooth part of the heat kernel 

We now deal with the smooth part P_ of the heat kernel defined in Lemma 2.1. For 
any rt G i^, we set / = n • H and we let V^TZf denote the map 

(t,x)^ ^ ^{nf,D^p_{(t,x)-■)), 

fceN‘*+MA:|<7' 



Convolution with the heat kernel 


43 


which takes values in the polynomial regularity structure. The following result 
shows that this is an element of Q)'. Here we consider the weights defined in (4.1), 
but the only important feature of these weights is that they do not grow faster than 


Proposition 4.5 Let u £ ^ and f = u ■ E. Then, V-TZf £ &' = 

\lv.TZf\y < |||n|||(i + |||r|||)|||u|||^ (4.21) 

uniformly over all T in a compact domain of (0, oo), all (. in a compact domain 
ofR, all u £ & and all admissible models (If, T). Moreover, if (fi, T) is another 
admissible model with the same weight wn and if u belongs to the corresponding 
space §!, then we have the bound 

\iv^nf-v^nf\h',§' < ll|n|||(i + |||r|||)|||n;u|||^,^ (4.22) 

+ (|||n-n|||(i + |||f|||) + |||n||||||r-r|||)|||u|||^, 

uniformly over all T, i as above, all admissible models (H, T), (If, f), and all u £ 
9 ,u£ 


Proof Suppose that 


sup sup 

le(0,T] |fc|<7'+2 


Wt(x) 


<|||n|||(l + |||r|||)|||n|||^,(4.23) 

LP 


uniformly over all T, i, (H, T) and u as in the statement. We stress that this implies 
(4.21). Indeed, for the punctual terms of the norm this is immediate. Regarding 
the space translations, we have for every k £ such that \k\ < 7 ' and all 

x,y £ R*^: 

Qfc (v.TZfif y) - X)) = (7^/, , 

where P^Jy tx •^he function obtained from (4.7) upon replacing P^ by P_. This 
being given, a simple application of Jensen’s inequality shows that 


I y£B{x,X) W^(x) 


LP 


s E 

iGdy 


{nf,D^p.{(t,x)--)) 

wfx) 


LP 


so that the desired bound holds. Concerning the time translation, we have for every 
k £ such that \k\ < 7' and all 0 < f — s < s: 

Qk(v.nf(t,x) -Ti,v.nf(s,x)) = {nf,p%^j , 



44 


Convolution with the heat kernel 


where sx •^he funetion obtained from (4.6) upon replaeing by P_. Simi¬ 
larly as above, a simple applieation of Jensen’s inequality shows that 




Wt(T) 


LP 


< sup ^ 


(7^/,U^P_((n,x)-•)) 

wt{x) 




, W-\k\ 
- s\ 2 


LP 


and the desired bound follows. 

We now prove (4.23). Let (p : [—1,1] —)• R be a smooth funetion sueh that 
for all X G R, Xliez — i) = 1. Then, we define p{t, x) = (p{t) 0^=1 ‘^{xi) 

for every (f,x) G R'^+^, so that we obtain Yhi^zj&z’^ — i,x — j)) = 1. In 
partieular, we have 


D^P-{{t,x)-■) = ^ D^P_{{t,x)-■)p{{t-i,x-j)-■) . 

iezyez'' 


Sinee P-{t, x) is smooth and equals the heat kernel outside the parabolie unit ball, 
the following bound 


D^P_ {(t, x) - -i,x - j) 



< 


e 8t 


holds uniformly over all t G (0,T], all k G sueh that |A:| < 7 ' + 2 and all 

(i,j) G The expression (4.1) of the weights yield that Wt(x) = 

Using (3.12) and setting C = |||n|||(l + |||r|||)|||n|||^, we get 


{nf,D^p.{{t,x)--)) 

Wt{x) 


LP 


T+1 


(|jr-rf)+ 
e 8‘ 


i=-ljfzZ<i 


Wi(x - j) 


wt(x) 


< 




jez‘^ 


<C, 


LP 


uniformly over all f G (0, T], all T in a eompaet domain of R+, all k G sueh 
that \k\ < 7' + 2. This ends the proof of (4.21). To obtain (4.22), we proeeed 
similarly. Using (3.14), the same ealeulation as above gives 


{uf -nJ,D^p.{{t,x)--)) 

Wt(x) 


LP 


<|||n|||(l + |||r|||)|||n;n||| 

+ (|||n-n|||(i + |||r|||) + |||n||||||r 


fllDlifi 


uniformly over all f G (0, T], all T in a eompaet domain of R^, all k G sueh 
that |A:| < 7' + 2. This ends the proof. □ 
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4.3 Initial condition 

We take (4.1) as our ehoiee of weights. Reeall that £ is involved in the weight at 
time 0. We define Cwf (R*^) as the spaee of distributions / on sueh that 


sup 

Ae(0,i] 


sup 


\{f, 'fx)\ 

A'^woCx) 


< oo . 

LP{dx) 


When wo(x) = 1, this spaee eoineides with the usual Besov spaee .Bp ooCR*^). 
Given uo € C^f (R'^ ), we define v = Vuq as follows: 

v{t,x):= ^ —{uo,D^P{t,x--)). 
fceN'^+i 

|fc|<7' 


This is fhe lift into the polynomial regularity strueture of the smooth map {t,x) i-A 

(P(f, •) * Uo)(x). 


Lemma 4.6 Let uq G Cwf (R*^) then v = Vuq belongs to S>. 


Proof. The eontribution eoming from the smooth part of the heat kernel is handled 
similarly as in the proof of Proposition 4.5 so we do not provide the details. We 
foeus on the eontribution due to the singular part of the heat kernel. By hypothesis, 
we have 


{uo,D^Pn{t,X - •)) 
Wo(t) 


LP 




uniformly over all f > 0, all n > 0 and all k G sueh that \ k\ <7 + 2. Notiee 
that the definition of the kernels Pn ensures that the left hand side aetually vanishes 
whenever t > 2“^”. Therefore, summing over n > 0 the latter bound yields 


{uo,D^P+(t,x 

wo(x) 



<t 


v-\k\ 

2 


uniformly over all f > 0. This yields the required bound for the punetual terms of 
the norm, while the bounds on the time and spaee translation terms follow from the 
same arguments as in the proof of Proposition 4.5. □ 


5 Solution map and renormalisation 

We are now in position to obtain a fixed point for the solution map: 

Mtv ^ ^ 

(5.1) 

u i-A {P+ + V-){u •.=,) + n 

where n is a given element in In praetiee, we will take v = Vuq with uq G 
as in Lemma 4.6. Reeall that the weight wq depends on the parameter £ G R. We 
start with a simple lemma. 
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Lemma 5.1 Let u G Then, TZu is a function and we have Tlu{t, x) = 

Qou{t, x) together with TZu{t, •) G If in addition u only takes values in 

the strictly positive levels of the polynomial regularity structure, then u = 0. 


Proof Observe that uniformly over all A G (0,1], all t G (2X‘^,T — A^] and all 
xq G R'^, we have 


A ‘^\u(s,y)-u(t,x)\odsdy 


< sup 




+ 


' {s,y)eB{{t,x),X) 


/ A \u(s,y)-Ty^^u(s,x)\ody 

lyeB{x,\) 

x) - x))|o ds dy 




^^0.1 


"^ 1 /, 

C>o 


A ‘^\Tsy,txQc,u{t,x)\odsdy 


(s,y)&B{{t,x),X) 


< sup sup wfj^ 2 (T,^)A‘^° , 




i=l,2y&A 

where Co is the smallest non-zero element of AQJ). Then, we write 


{Qouf) - Tlt,xu{t, x), pIJ = / Qo{u(s, y) - u(t, y)ds dy 

J s,y 

C>0 

so that, taking the ^-norm, one gets a bound of order A^° times some weight. 
From the uniqueness of the reeonstruetion, we deduee that TZuf) = Qqu{-) on 
(0, T) X R'^. It is then immediate to eheck that Tlu{t, •) belongs to Cwf (R'^). 

Reeallthat 7 G (1,2). We now assume that u(f, x) = X]fceN‘*+i|fc|=i Qk{u{tjX))X^. 
Let ei,i = 1... d be the unit veetor in the space direction i. We start with the fol¬ 
lowing simple observation. There exists a constant C > 0 such that 


JyeB(0,\) 


'^ym dy > CX\a\ 


2 = 1 


uniformly over all A G (0,1] and all a G R*^. This being given, we take a = 
Yli=i(QeiU(t, x))ei and use the equivalence of norms in R*^ to get 




2=1 




< A 


< A 


^ - x)iQeiU{t^x)\dy 

y&B(x,\) 

-111 f ^-d 

" Jy£B{x,\) 

< A^"^wf\xo,0), 


A '^\u(t,y) -Tl ,,u(t,x)\ody 
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uniformly over all A G (0,1], all t G (2A^, T — A^] and all xq G R'^. Therefore, the 
l.h.s. vanishes. This eoneludes the proof. □ 

Theorem 5.2 For any T > 0 and any uq G C^f, the equation u = M.T,viu) ad¬ 
mits a unique solution in Q). Furthermore, the map v u is Lipschitz continuous, 
while the map (v, If, T) i-A u is locally Lipschitz continuous. 

Proof. We first introduee a shift map on the models and the modelled distrihutions. 
For all s > 0, we let If'*'® and T'*'® be defined as follows 

(niv, p) := (n2+(s,o)r, + s, ■)), = r2+(^^o),y+o,o)T. 

We lef be fhe spaee of modelled disfribufions assoeiafed wifh fhe shiffed 

model (If'*'®, T'*'®) and fhe shiffed weighfs w'*'® defined by seffing 

0 := 0 . 

This amounfs fo shiffing fhe paramefer I by s, in fhe definifion (4.1) of fhe weighfs. 
Formally, one should also wrife and P'*'® for fhe eonvolufion and reeonsfruefion 
operators assoeiafed wifh fhe shiffed model, buf we refrain from doing fhaf for fhe 
sake of readability. 

Reeall fhaf fhe spaees & and differ by fheir paramefers q, 7 and q' ,y'. Sinee 
7 ' — 7 = 7' — 7 > 0, we deduee fhaf fhere exisfs p > 0 sueh fhaf ||| • |||^/ < T^||| • |||^. 
Unfil fhe end of fhe proof, we will be working in fhe spaees as well as fheir 

shiffed eounferparfs and we will play wifh only fwo parameters, namely T and £. 
Reeall fhaf £ is fhe paramefer involved in fhe weigh! af fime 0. We will use fhe 
nofafion StT,e instead of simplieify. 

Using Theorem 4.3 and Proposifion 4.5, we deduee fhe exisfenee of C > 0 
sueh fhaf 

IMt,v{u)-Mt,v{u)I^Is =l{V+ + V-){{u-u)r)l^is <CT^lu-ul^is , 


as well as 


III A4r,,;(-«) III, 


^ 4 -s — t{V++V-){u^ 

'T,e 


)+v\\^is^<CT^\\u\\ 


aU + 


ninety 




(5.2) 


uniformly over all s, T in a eompaef sef of R+, all ^ in a eompaef sef of R and 
all u,u,v G The eonsfanf C does however depend on fhe realisafion of fhe 

model fhrough fhe quantifies appearing in Lemma 3.4. 

Fix a “fargef” final time T > 0 and £q G R. Taking T* small enough, we 
deduee fhaf is a eonfraefion on ^ uniformly over all £ G {£q,£q + T^, 

all s G [0,T] and all v G £. Fix uq G and lef v = Vuq G &t*/- The 
map M-t*,v admits a unique fixed point u* G If T* > T we are done, 

otherwise we take s G (0, T*) and we define t = £q + s < £q + T, Ug '■= TZu{s, •) 
and V* := Vug. By Lemma 5.1 and 4.6, we know fhaf v* G The rn^P 
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admits a unique fixed point u** G £*■ We then set u{t, •) = u*{t, •) 
when t G (0,T*] and u{t, •) = u**{t — s, •) when t G (T*,T* + s]. It follows 
in the same way as in [Hail4b, Prop. 7.11] that u is indeed the unique solution 
to the fixed point problem M.t*+s,v{u) = u, and that this construction can be 
iterated until one reaches the final time T. Note that the linearity of the problem 
was exploited in an essential way here, since this is what guarantees that the time 
T* of local well-posedness does not depend on the initial condition. 

Regarding the joint dependence on the model and the initial condition, we ob¬ 
tain similarly as above and thanks to the same results that for all 72 > 0, there exists 
T* > 0 such that 

lll^j ^ ll|n — n||| -|- |||r — fi -i- lu; , 

uniformly over all s in a compact set of R+, and over all (11, P), (H, f) and v,v £ 
such that the norms of all these elements are bounded by R. This yields the 
local Lipschitz continuity of the solution map on (0, T*]. Iterating the argument as 
above, we obtain the local Lipschitz continuity over any arbitrary interval (0,T]. 

□ 

Let V = Vuo with uq G Cwf ■ It is easily seen from Theorems 3.10 and 4.3 that 
the unique fixed point of M.t,v associated with the canonical model 
coincides, upon reconstruction, with the solution to the well-posed SPDE (E^) pre¬ 
sented in the introduction. However, the sequence of canonical models (11’^'^^ 
does not converge when e —)• 0, due to the ill-defined products involving the white 
noise. 

Theorem 5.3 For every e G (0,1], there exists a renormalised model (rf^, such 
that: 

• the unique fixed point of Mt,v associated to (H'^, coincides, upon recon¬ 
struction, with the classical solution of(E^), 

• the sequence (H^, converges to an admissible model (H, F), that is, there 
exists C,6 > 0 such that uniformly over e G (0,1] we have 

ITL - n||| -h |||f" - fill < Ce^ . 

Proof This result is due to Hairer and Pardoux [HP 14, Th 4.5] in the case of 
(SHE). The case of (PAM) is treated similarly mutatis mutandis. Eet us briefly 
explain why the solution to (5.1) yields the classical solution to (E^) when applied 
to the renormalised model (H^, F^). 

We first note that, for any space-time point z, the renormalised model fulfils 
the following identities: 

UliEfiz) = Uz) , fll(EI{E))(z) = -c, , UliEIiEIiEmz) = 0 , 
Ul{EliEl{EliE)mz) = -c« , Ul{EI{XiE))iz) = 0 , 


(5.3) 
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where see (1.1) for the values of these constants. 

Furthermore, iterating (5.1) shows that any solution U to M-T,viU) = U will 
necessarily be of the form 

U{z) = u{z){l+l{E)+I{El{E))+l{El{El{E))))+ ^ dku{z){X>^+1{X’^E)) , 

\k\=i 


for some continuous functions u and dkU. Recalling that, for fixed e > 0, the re¬ 
construction operator associated to the renormalised model is given by {TZF){z) = 
{fllF(z))(z), it then follows from (5.3) that 

{nEU){z) = u{z){ie{z) - Ce) ■ 

Combining this with (4.3) then concludes the proof. □ 

We are now in position to conclude the proof of the main result of this article. 

Proof of Theorem 1.1. The local Lipschitz continuity of the solution map stated in 
Theorem 5.2 together with the convergence of the renormalised models obtained in 
the previous theorem ensure that the sequence of renormalised solutions converge 
to a limit u G T, for any initial condition uq G . By Theorem 2.11, we de¬ 
duce the convergence of the reconstructed solution towards TZu in the space 

e>V-c,p 

®w,T ■ 

Finally, a simple computation shows that the Dirac mass at some given point 
xo belongs to C^f as soon as p < , whatever weight wq one chooses. Since rj 

needs to be greater than —1/2 for our result to hold, one can choose a Dirac mass 
when p = 1 for instance. This concludes the proof. □ 
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